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Homework 4

Problem 6.3

Given AeC™" with m>n, showthat A"A isnonsingular if and only if A has full

rank.

If A"Ais nonsingular, its rank will be n and it has n nonzero eigenvalues. Then
from Theorem 5.4, A has n nonzero singular values. So A has full rank.

Inversely if A has full rank, the number of nonzero singular values is n. Then
A"A also has n nonzero eigenvalues and does not have zero as eigenvalue. So A°A
isnonsingular.

Problem 6.4
10 1 2
A=0 1 B=|0 1
10 10
a) The orthogonal projector P onto range(A) is:
_10_'10110 101
P=AAATA =10 1 0 1)*
010 010
|11 0]~ 10
L0 (2 0 1 01
=10 1{( )"
01 010
11 0"
05 0 05
=0 1 O
05 0 05

The image under P of the vector (1, 2, 3)* is.
05 0 05|1] |2

y=Pv= 0 1 0 |2|=|2
05 0 05(3] |2
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b) The orthogonal projector P onto range(B) is:
1 o]

] 1 2
101 101

P=B(B'B)'B" = 0 1"
210 Fl210

2 2] 101
e ages

5/6 1/3 1/6
1/3 1/3 -1/3

P N O R
~

P O Fr L O

1/6 -1/3 5/6
The image under P of the vector (1, 2, 3)* is:

5/6 13 1/6 1] [2
y=Pv=[1/3 13 -1/3]2]|=
1/6 -1/3 5/6 3| |2

Problem 6.5

P<C™" isanonzero projector.

® First: if|P|, =1, Pwill be an orthogonal projector.

Suppose ueRange(P), veNull(P), with |v|,=1. Make an orthogonal
projection of u onto v, and then decompose u. We have: u=r+v'uv, r=u-v'uv.
2
"

Pr=P(u-v'uv)=Pu=u.

v'u

so flully = Irllz +

2

Bl ]
So that “Pr“; = ||U||§ = Il « Zu 2 <1, since|P|, =1.
Il Wl Il

Thus"v*ullz =0, thismeansthat Pis orthogonal.

® Thenif Pisan orthogonal projector, |P|, =1.

Suppose ue Range(P), veNull(P), w=u+vVv.Then
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[Pu, _[IPw+ vl _ [P, M,
2 2 2 2 * * 2 2 =
M e, M uvevie M

On the cther hant o= [Pof < [Pl

Thus we can get||P|, =1.

Problem 7.1

a) Reduced QR factorization for A:

1
2
= [, = V2, % = - g{o}
1

-1
M1

r, =0Q, 8, = 0,

0
Fp = "az - r12q1||2 =1, ad, = Ll =4a, = { :l;
0

r‘22
s
Lo 1% O
A=|0 1|=| 0 1{20}.
Lo 45001
2

Full QR factorization for A: (Assume ag=[0 0 1]*)

* ﬁ .
r13:q1a3:7a r23:q2a3:O|
__ﬁ_
‘/z —1,,0,— T 2
r33=||ag—r13q1_r23q2“2=_’ q3:a3 13%h 23q2= 0 |
2 ) ﬁ
L 2 _
_ﬁ ﬁ_
10| [¥2 4 J2[0 1
2 2
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b) Reduced QR factorization for B:

11

1
2
R L)
1

rlzqu*azzﬁ,
1
_r J3
r22:||a2_r12q1||2:‘\/§, qzzwz? 1
22 _1
V2 A3
1 2 2 3
V3 [V2 2
B=|0 1|=| 0 —— _
3 0 43
1 0 ﬁ _é
2 3

Full QR factorization for A: (Assume bs=[0 0 1]*)

V2 R
r132q1b3:7’ r23:q2b3=_?,
__ﬁ_
G Ve
6 1.0 T 6
r33:||b3_r13q1_r23Q2“2:?, q3:b3 13?1 2% = ? :
33
6
L 6 _
V2 A3 6]
1 2 2 3 3 |
V3 46 [V2 V2
B=0 1|=| 0 = 2= _
10 3. 3 [0 43
2 B B
2 3 6 |
Problem 7.3

Give an algebraic proof of Hadamard sinequality: |det Al < lm["aj ||2 .
i=1

Make a QR factorization of A. We get:
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det A= det(QR) = detQ-detR=detR=] [r; .
j=1

i 5 2 2 )
8, =Zr”q,., ||aj||2:Z||riqu|| :Z"rii" 2||rn||z' 0
i=1 i=1 2 i=1 2
m 2 m 2
[Tlail, = [Tl
j=1 j=1
Thus [det A< [a]. -
j=1

For m=3 case, the geometric interpretation of this result is: the volume of a
parallelepiped is smaller or equal to that of arectangular parallelepiped with the same
side length. For m>3 case, it follows that: the volume of a super-parallelepiped is
smaller or equal to that of a super-rectangular parallelepiped with the same side
length.
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