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normal distribution functions



Statistics at microscopic scale
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scattering + extinction coefficients, 
phase function (Mie, Henyey-Greenstein)

BRDFs, microfacet models, 
normal distribution functions



Two modeling scales
Surfaces Volumes
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microfacet BRDFs

e.g. voxel grids

coefficients, phase functions

Shape
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Different representations & equations
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L = Lemi + ∫H2

psca ⋅ Linc dΩ (∇ ⋅ Ω) L = ΣscaLsca + ΣabsLemi − ΣextL
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Surface or volume?
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Path tracing in Production: The Path of Water

Surface or volume?
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Can we reason about 
everything with one 

representation & 
equation?
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A way forward?
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Stochastic surfaces
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Gaussian Process 
Implicit Surfaces
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Zero level set

Implicit function
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f(x) = µ(x)
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<latexit sha1_base64="zeLDRkoz8nu3TFE0CiH8OVJpwpc="></latexit>

f(x) ⇠ N (µ(x),(x,x0))

<latexit sha1_base64="iU5Iv139AQJW1e4UDlk8aSNd2DQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAgVpMxIqS6LblxJBfuATil30kwbmswMSUYsQ3/Ejb/ixoUiLtyIf2Om7UJbDwQO55xL7j1+zJnSjvNtLS2vrK6t5zbym1vbO7v23n5DRYkktE4iHsmWD4pyFtK6ZprTViwpCJ/Tpj+8yvzmPZWKReGdHsW0I6AfsoAR0Ebq2uWg+NBN3fEJ9hQT2BOgBwR4ejMueiLJnFPsDSGOwfAslqFrF5ySMwFeJO6MFNAMta796fUikggaasJBqbbrxLqTgtSMcDrOe4miMZAh9Gnb0BAEVZ10ct0YHxulh4NImhdqPFF/T6QglBoJ3ySz7dW8l4n/ee1EBxedlIVxomlIph8FCcc6wllVuMckJZqPDAEimdkVkwFIINoUmjcluPMnL5LGWcmtlCq35UL1clZHDh2iI1RELjpHVXSNaqiOCHpEz+gVvVlP1ov1bn1Mo0vWbOYA/YH19QMJ0Z/7</latexit>

f(x1) ⇠ N (µ1,11)

<latexit sha1_base64="iU5Iv139AQJW1e4UDlk8aSNd2DQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAgVpMxIqS6LblxJBfuATil30kwbmswMSUYsQ3/Ejb/ixoUiLtyIf2Om7UJbDwQO55xL7j1+zJnSjvNtLS2vrK6t5zbym1vbO7v23n5DRYkktE4iHsmWD4pyFtK6ZprTViwpCJ/Tpj+8yvzmPZWKReGdHsW0I6AfsoAR0Ebq2uWg+NBN3fEJ9hQT2BOgBwR4ejMueiLJnFPsDSGOwfAslqFrF5ySMwFeJO6MFNAMta796fUikggaasJBqbbrxLqTgtSMcDrOe4miMZAh9Gnb0BAEVZ10ct0YHxulh4NImhdqPFF/T6QglBoJ3ySz7dW8l4n/ee1EBxedlIVxomlIph8FCcc6wllVuMckJZqPDAEimdkVkwFIINoUmjcluPMnL5LGWcmtlCq35UL1clZHDh2iI1RELjpHVXSNaqiOCHpEz+gVvVlP1ov1bn1Mo0vWbOYA/YH19QMJ0Z/7</latexit>

f(x1) ⇠ N (µ1,11)

<latexit sha1_base64="2dvwUQ1LVkyFHEHL45uj503gSkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT/3qeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK7uyjVr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDmJaOgQ==</latexit>

f(x2)

<latexit sha1_base64="2dvwUQ1LVkyFHEHL45uj503gSkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT/3qeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK7uyjVr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDmJaOgQ==</latexit>

f(x2)

<latexit sha1_base64="WZRdK+GIkHkfKNkL3RZ5S/bKYrM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJJKtgPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qkSjMp7s04pn6EB4KFjGBjpWZYfurdnvaKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFq1aqd+el2lUWRx6O4BjK4MEF1OAG6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AMMijp0=</latexit>

f(xN )

<latexit sha1_base64="WZRdK+GIkHkfKNkL3RZ5S/bKYrM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJJKtgPaJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qkSjMp7s04pn6EB4KFjGBjpWZYfurdnvaKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFq1aqd+el2lUWRx6O4BjK4MEF1OAG6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AMMijp0=</latexit>

f(xN )

<latexit sha1_base64="33FflkHao/ehilf+gQ8xEkHcc4Y="></latexit>

f(

2

6664

x1

x2
...

xN

3

7775
) ⇠ N (

2

6664

µ1

µ2
...

µN

3

7775
,

2

6664

11 12 . . . 1N

21 22 . . . 1N
...

. . .
...

N1 N2 . . . NN

3

7775
)

<latexit sha1_base64="zeLDRkoz8nu3TFE0CiH8OVJpwpc="></latexit>

f(x) ⇠ N (µ(x),(x,x0))

<latexit sha1_base64="zeLDRkoz8nu3TFE0CiH8OVJpwpc="></latexit>

f(x) ⇠ N (µ(x),(x,x0))
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��Ņ ����� �� ����� ��� ��� ƣ �� ���� ������Ņ �� ����������� ���� ��� �������� �� ���� �� ��� ��� ��������� ������

��� ���������� �� �� � �����ņ �����������ņ ��� ���������� ���������Ņ � ���� �� ����������� �� ��������� �� �������

��������������Ŋ

�����ņ � ��� ����� �� �� ������� ���� �������Ņ � �� �� ��������� ��������� �� �������� ������� �� ��������� ���Ť

����ņ ��� �������� ��� ��Ť������� �� ��� ��������� ������ ��������� ����������Ņ ����� �� ������� ���������ņ � ���

� ������ �������� ���������ņ ������� ��� ���� �� ��� ��������� 	���� �� ������ �������� �ö���� ��� �� �������

�������� �� ��� ���������� �� �������� ������� �� ��
 �ö���� ���� ƢƠƠƩťƢƠơƥŅ ����� �� ������ņ � ������ ������ �

�����Ť������� �������� ����� �� ���������ņ ����������� ����������� ���� ��Ņ ����� ��������������ņ ������ �����ņ

������ 	�������ņ ���� 
����ņ ��� ��� �����ņ ��� ���� ����� ���� �� �� ������ ���������� ���������� �����������

�� �������� �� ���������� �� ���Ť���� ������� �� ��������Ņ � �������� �� ��Ņ�Ņ ���� ���������� �� ����������ņ ���

����� �� ƢƠƠƨ ����� ��� ����������� �� 
����� ���� ������ ��� �������� �������Ņ �� �������� �� ��������� ����

���������ņ ����������ņ ������������ņ ��� ���������� ��������� ������� ������ ����������Ņ � ������ �� ����������

��� ������ ���� ��� ��� ���� ��ņ ��� �� ��� �������� ����� ����������� ���� ����� �Ĭ�������ņ ��� �� ��� �����������

������ �� ���� ���� ����������ņ ��� ��� �� ��� ��������� �������� ������� ���� ������� ���� ����� ����������Ņ ��
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���������� ����� ť ��� ������� ����� ������ ����� ��� �������� ����������� �� �������� ��������Ņ

ơ �� ƥ

Zero level set

Implicit surfaceImplicit function

<latexit sha1_base64="uRXmKwwSCO4Dj3ouTpBTWNfCjsY=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GZJqH7MQim5cVrAPaIeSSTNtaOZhkhHL0J9w40IRt/6OO//G9CGo6IELh3Pu5d57vFhwpRH6sJaWV1bX1jMb2c2t7Z3d3N5+U0WJpKxBIxHJtkcUEzxkDc21YO1YMhJ4grW80eXUb90xqXgU3uhxzNyADELuc0q0kdp+4f4EnkPUy+WRjXH1FBchsh2EKg42BGGnVHIgttEMebBAvZd77/YjmgQs1FQQpToYxdpNidScCjbJdhPFYkJHZMA6hoYkYMpNZ/dO4LFR+tCPpKlQw5n6fSIlgVLjwDOdAdFD9dubin95nUT7VTflYZxoFtL5Ij8RUEdw+jzsc8moFmNDCJXc3ArpkEhCtYkoa0L4+hT+T5pFG5ft8vVZvnaxiCMDDsERKAAMKqAGrkAdNAAFAjyAJ/Bs3VqP1ov1Om9dshYzB+AHrLdPdeKO+A==</latexit>

f(x) = 0

<latexit sha1_base64="BSw8jPkMbOjvPWUIBfNeG0P9RDA=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GTJjW9uNFN24rGAf0A4lk2ba0ExmTDJiGfoTblwo4tbfceffmD4EFT1w4XDOvdx7jx9zpjRCH9bS8srq2npmI7u5tb2zm9vbb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11O/dYdlYpF4kaPY+qFeCBYwAjWRmoHhfsTeA5RL5dHdtF1i44DkX1aRSXHNaRarZQqLnRsNEMeLFDv5d67/YgkIRWacKxUx0Gx9lIsNSOcTrLdRNEYkxEe0I6hAodUeens3gk8NkofBpE0JTScqd8nUhwqNQ590xliPVS/van4l9dJdFDxUibiRFNB5ouChEMdwenzsM8kJZqPDcFEMnMrJEMsMdEmoqwJ4etT+D9purZTtsvXxXztYhFHBhyCI1AADjgDNXAF6qABCODgATyBZ+vWerRerNd565K1mDkAP2C9fQJ89I79</latexit>

f(x) > 0

<latexit sha1_base64="adpjn23kjCD9w7LTAZ2BDGnpZG4=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GTLT2o7goujGZQX7gHYomTTThmYeJhmxDP0JNy4UcevvuPNvzLQVVPTAhcM593LvPV7MmVQIfRhLyyura+u5jfzm1vbObmFvvyWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3vgy89t3VEgWhTdqElM3wMOQ+YxgpaWOX7o/gecQ9QtFZJ45Ts2yIDIryHbsckbscvXUhpaJZiiCBRr9wntvEJEkoKEiHEvZtVCs3BQLxQin03wvkTTGZIyHtKtpiAMq3XR27xQea2UA/UjoChWcqd8nUhxIOQk83RlgNZK/vUz8y+smynfclIVxomhI5ov8hEMVwex5OGCCEsUnmmAimL4VkhEWmCgdUV6H8PUp/J+0bNOqmtXrSrF+sYgjBw7BESgBC9RAHVyBBmgCAjh4AE/g2bg1Ho0X43XeumQsZg7ADxhvn3s5jvs=</latexit>

f(x) < 0

<latexit sha1_base64="ePvj81X0RaOTVBOcVE3j+yfwN3I=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQKixIFSyMRaIPqYkqx3Vaq3Yc2Q6iivoJLPwKCwMIsTKy8Tc4bQZoOZLlo3Pu1b33BDGjSjvOt1VYWl5ZXSuulzY2t7Z37N29lhKJxKSJBROyEyBFGI1IU1PNSCeWBPGAkXYwus789j2RioroTo9j4nM0iGhIMdJG6tnHYcULBOurMTdf+jA5gZfQ48m82rPLTtWZAi4SNydlkKPRs7+8vsAJJ5HGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGtohDhRfjo9aAKPjNKHoZDmRRpO1d8dKeIq281UcqSHat7LxP+8bqLDCz+lUZxoEuHZoDBhUAuYpQP7VBKs2dgQhCU1u0I8RBJhbTIsmRDc+ZMXSeu06taqtduzcv0qj6MIDsAhqAAXnIM6uAEN0AQYPIJn8ArerCfrxXq3PmalBSvv2Qd/YH3+AK00nQU=</latexit>

f(x) = µ(x)
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f(x) > 0

<latexit sha1_base64="adpjn23kjCD9w7LTAZ2BDGnpZG4=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GTLT2o7goujGZQX7gHYomTTThmYeJhmxDP0JNy4UcevvuPNvzLQVVPTAhcM593LvPV7MmVQIfRhLyyura+u5jfzm1vbObmFvvyWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3vgy89t3VEgWhTdqElM3wMOQ+YxgpaWOX7o/gecQ9QtFZJ45Ts2yIDIryHbsckbscvXUhpaJZiiCBRr9wntvEJEkoKEiHEvZtVCs3BQLxQin03wvkTTGZIyHtKtpiAMq3XR27xQea2UA/UjoChWcqd8nUhxIOQk83RlgNZK/vUz8y+smynfclIVxomhI5ov8hEMVwex5OGCCEsUnmmAimL4VkhEWmCgdUV6H8PUp/J+0bNOqmtXrSrF+sYgjBw7BESgBC9RAHVyBBmgCAjh4AE/g2bg1Ho0X43XeumQsZg7ADxhvn3s5jvs=</latexit>

f(x) < 0

Implicit function

Zero level set

<latexit sha1_base64="zeLDRkoz8nu3TFE0CiH8OVJpwpc="></latexit>

f(x) ⇠ N (µ(x),(x,x0))
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Mean Covariance
  f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
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Surface-like

Mean Covariance
  f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
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Surface-like Volume-likeIn-between

Mean Covariance
  f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
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isotropic  with 
decreasing corr. length

κ( |x − x′￼| )
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random realizations
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GPIS
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GPIS
Surface-type GPIS Volume-type GPIS

Classical

vNDF transmittance

GPISes can approximate classical media
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and include non-classical transport
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non-stationary, linearly 
increasing μ(y)
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non-stationary, linearly 
increasing μ(y)

random porous media
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stretching correlation 
length along y
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random heightfields

stretching correlation 
length along y
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vNDF transmittance

GPISes include microfacet surfaces
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Correlated “function-space” 
sampling of  
at  locations  is expensive: 

f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
N x1…xN

𝒪(N3)
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Correlated “function-space” 
sampling of  
at  locations  is expensive: 

f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
N x1…xN

𝒪(N3)
Also: hard to design valid (PSD) 
non-stationary covariance function κ
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Correlated “function-space” 
sampling of  
at  locations  is expensive: 

f(x) ∼ 𝒩(μ(x), κ(x, x′￼))
N x1…xN

𝒪(N3)
Also: hard to design valid (PSD) 
non-stationary covariance function κ

And that’s just for one realization!
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White noise

<latexit sha1_base64="XQB/l7Mwl7KQbpS5MI+w1L50Suk=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxCBSmJSHVZdKMbqWAf0IYymU7aoZMHMxOhhIAbf8WNC0Xc+hPu/BsnaRdaPTBw5px7ufceN+JMKsv6MgoLi0vLK8XV0tr6xuaWub3TkmEsCG2SkIei42JJOQtoUzHFaScSFPsup213fJn57XsqJAuDOzWJqOPjYcA8RrDSUt/c6/lYjQjmyU1asY5R/nXd5Do96ptlq2rlQH+JPSNlmKHRNz97g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6ST5DSk61MoAeaHQL1AoV392JNiXcuK7ujJbUc57mfif142Vd+4kLIhiRQMyHeTFHKkQZYGgAROUKD7RBBPB9K6IjLDAROnYSjoEe/7kv6R1UrVr1drtabl+MYujCPtwABWw4QzqcAUNaAKBB3iCF3g1Ho1n4814n5YWjFnPLvyC8fEN5VKXDg==</latexit>

N (0, I)
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N (0, I)

Convolved process

=
Kernel

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h
<latexit sha1_base64="uP13LPhKVfDzeHHyKZb0ZrQzrv8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt0sxt2J0IJ/RlePCji1V/jzX/jts1Bqw8WHu/NzM68MBXcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1kaNgvVQzkoSCdcPJ7dzvPjJtuJIPOE1ZkJCR5DGnBK3UH1CuqWARMTis1ry6t4D7l/gFqUGB1rD6OYgUzRImkQpiTN/3UgxyopHbkbPKIDMsJXRCRqxvqSQJM0G+WHnmnlklcmOl7ZPoLtSfHTlJjJkmoa1MCI7NqjcX//P6GcbXQc5lmiGTdPlRnAkXlTu/3424ZhTF1BJCNbe7unRMNKFoU6rYEPzVk/+SzkXdb9Qb95e15k0RRxlO4BTOwYcraMIdtKANFBQ8wQu8Oug8O2/O+7K05BQ9x/ALzsc3hGmRbQ==</latexit>~

<latexit sha1_base64="5Hhy7/qHpaEZnOsycROFwrqwxfg=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VsoZREpLosunElFewDmlAmk0k7dPJgZiKWkN9x46+4UVDUrT/ipM3Ctl4Y5txz7+Xec5yIUSEN40srrKyurW8UN0tb2zu7e/r+QUeEMcekjUMW8p6DBGE0IG1JJSO9iBPkO4x0nfF1Vu8+EC5oGNzLSURsHw0D6lGMpKIGetPykRxhxJLbtGLU4AhamHLMiIuEhKOK5YTMFRNffcljWoNz+WlarQ70slE3pgGXgZmDMsijNdDfLDfEsU8CiRkSom8akbQTxCVVa9OSFQsSITxGQ9JXMEA+EXYyVZrCE8W40Au5eoGEU/bvRIJ8kV2nOjNdYrGWkf/V+rH0Lu2EBlEsSYBni7yYQRnCzDboUk6wZBMFEOZU3QrxCHGEpTK3pEwwFyUvg85Z3WzUG3fn5eZVbkcRHIFjUAEmuABNcANaoA0weAIv4B18aM/aq/apfc9aC1o+cwjmQvv5BYJMptM=</latexit>

N (0, h~ h(x,x0))
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N (0, I)

Convolved process

=
Kernel

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h
<latexit sha1_base64="uP13LPhKVfDzeHHyKZb0ZrQzrv8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt0sxt2J0IJ/RlePCji1V/jzX/jts1Bqw8WHu/NzM68MBXcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1kaNgvVQzkoSCdcPJ7dzvPjJtuJIPOE1ZkJCR5DGnBK3UH1CuqWARMTis1ry6t4D7l/gFqUGB1rD6OYgUzRImkQpiTN/3UgxyopHbkbPKIDMsJXRCRqxvqSQJM0G+WHnmnlklcmOl7ZPoLtSfHTlJjJkmoa1MCI7NqjcX//P6GcbXQc5lmiGTdPlRnAkXlTu/3424ZhTF1BJCNbe7unRMNKFoU6rYEPzVk/+SzkXdb9Qb95e15k0RRxlO4BTOwYcraMIdtKANFBQ8wQu8Oug8O2/O+7K05BQ9x/ALzsc3hGmRbQ==</latexit>~

<latexit sha1_base64="5Hhy7/qHpaEZnOsycROFwrqwxfg=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VsoZREpLosunElFewDmlAmk0k7dPJgZiKWkN9x46+4UVDUrT/ipM3Ctl4Y5txz7+Xec5yIUSEN40srrKyurW8UN0tb2zu7e/r+QUeEMcekjUMW8p6DBGE0IG1JJSO9iBPkO4x0nfF1Vu8+EC5oGNzLSURsHw0D6lGMpKIGetPykRxhxJLbtGLU4AhamHLMiIuEhKOK5YTMFRNffcljWoNz+WlarQ70slE3pgGXgZmDMsijNdDfLDfEsU8CiRkSom8akbQTxCVVa9OSFQsSITxGQ9JXMEA+EXYyVZrCE8W40Au5eoGEU/bvRIJ8kV2nOjNdYrGWkf/V+rH0Lu2EBlEsSYBni7yYQRnCzDboUk6wZBMFEOZU3QrxCHGEpTK3pEwwFyUvg85Z3WzUG3fn5eZVbkcRHIFjUAEmuABNcANaoA0weAIv4B18aM/aq/apfc9aC1o+cwjmQvv5BYJMptM=</latexit>

N (0, h~ h(x,x0))
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 = h~ h
<latexit sha1_base64="08RUhBkvsD+bvu0c7M7KtStQwgg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpK21HZXdOOyin1AO5RMmmlDM5khyQhl6B+4caGIW//InX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96VXmd++Z0jySd2YWMy8kY8kDTomx0u0gHRZLyEVVXMYIIreC6riakVqjgesViF20QAms0BoW3wejiCYhk4YKonUfo9h4KVGGU8HmhUGiWUzolIxZ31JJQqa9dHHpHJ5ZZQSDSNmSBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMT1L2UyzgxTNLloiAR0EQwexuOuGLUiJklhCpub4V0QhShxoZTsCF8fQr/J52yi2tu7aZaal6u4siDE3AKzgEGF6AJrkELtAEFAXgAT+DZmTqPzovzumzNOauZY/ADztsn9QaNrA==</latexit> {
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White noise

<latexit sha1_base64="XQB/l7Mwl7KQbpS5MI+w1L50Suk=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxCBSmJSHVZdKMbqWAf0IYymU7aoZMHMxOhhIAbf8WNC0Xc+hPu/BsnaRdaPTBw5px7ufceN+JMKsv6MgoLi0vLK8XV0tr6xuaWub3TkmEsCG2SkIei42JJOQtoUzHFaScSFPsup213fJn57XsqJAuDOzWJqOPjYcA8RrDSUt/c6/lYjQjmyU1asY5R/nXd5Do96ptlq2rlQH+JPSNlmKHRNz97g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6ST5DSk61MoAeaHQL1AoV392JNiXcuK7ujJbUc57mfif142Vd+4kLIhiRQMyHeTFHKkQZYGgAROUKD7RBBPB9K6IjLDAROnYSjoEe/7kv6R1UrVr1drtabl+MYujCPtwABWw4QzqcAUNaAKBB3iCF3g1Ho1n4814n5YWjFnPLvyC8fEN5VKXDg==</latexit>

N (0, I)

Convolved process

=
Kernel

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h
<latexit sha1_base64="uP13LPhKVfDzeHHyKZb0ZrQzrv8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt0sxt2J0IJ/RlePCji1V/jzX/jts1Bqw8WHu/NzM68MBXcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1kaNgvVQzkoSCdcPJ7dzvPjJtuJIPOE1ZkJCR5DGnBK3UH1CuqWARMTis1ry6t4D7l/gFqUGB1rD6OYgUzRImkQpiTN/3UgxyopHbkbPKIDMsJXRCRqxvqSQJM0G+WHnmnlklcmOl7ZPoLtSfHTlJjJkmoa1MCI7NqjcX//P6GcbXQc5lmiGTdPlRnAkXlTu/3424ZhTF1BJCNbe7unRMNKFoU6rYEPzVk/+SzkXdb9Qb95e15k0RRxlO4BTOwYcraMIdtKANFBQ8wQu8Oug8O2/O+7K05BQ9x/ALzsc3hGmRbQ==</latexit>~

<latexit sha1_base64="5Hhy7/qHpaEZnOsycROFwrqwxfg=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VsoZREpLosunElFewDmlAmk0k7dPJgZiKWkN9x46+4UVDUrT/ipM3Ctl4Y5txz7+Xec5yIUSEN40srrKyurW8UN0tb2zu7e/r+QUeEMcekjUMW8p6DBGE0IG1JJSO9iBPkO4x0nfF1Vu8+EC5oGNzLSURsHw0D6lGMpKIGetPykRxhxJLbtGLU4AhamHLMiIuEhKOK5YTMFRNffcljWoNz+WlarQ70slE3pgGXgZmDMsijNdDfLDfEsU8CiRkSom8akbQTxCVVa9OSFQsSITxGQ9JXMEA+EXYyVZrCE8W40Au5eoGEU/bvRIJ8kV2nOjNdYrGWkf/V+rH0Lu2EBlEsSYBni7yYQRnCzDboUk6wZBMFEOZU3QrxCHGEpTK3pEwwFyUvg85Z3WzUG3fn5eZVbkcRHIFjUAEmuABNcANaoA0weAIv4B18aM/aq/apfc9aC1o+cwjmQvv5BYJMptM=</latexit>

N (0, h~ h(x,x0))

<latexit sha1_base64="0qIv5j4pebcT//6iTQFZldDFPy4=">AAACAXicdVBNS0JBFJ1nX2Zfr9oEbYYkaPWYp2K6CKQ2LQ1SAxW5b5yng/M+mJkXiNimv9KmRRFt+xft+jfNU4OKOnDhcM69M/ceLxZcaUI+rMzS8srqWnY9t7G5tb1j7+41VZRIyho0EpG88UAxwUPW0FwLdhNLBoEnWMsbXaR+65ZJxaPwWo9j1g1gEHKfU9BG6tkHnRHEMeAzPMQdyiUVrA9K42HPzhOHlNyCSzBxiqTillJSrlbdShG7Dpkhjxao9+z3Tj+iScBCTQUo1XZJrLsTkJqbR6e5TqJYDHQEA9Y2NISAqe5kdsEUHxulj/1Imgo1nqnfJyYQKDUOPNMZgB6q314q/uW1E+1XuhMexolmIZ1/5CcC6winceA+l4xqMTYEqORmV0yHIIFqE1rOhPB1Kf6fNAuOW3bKV6V87XwRRxYdoiN0glx0imroEtVRA1F0hx7QE3q27q1H68V6nbdmrMXMPvoB6+0TfzmWUg==</latexit>

 = h~ h

<latexit sha1_base64="0qIv5j4pebcT//6iTQFZldDFPy4=">AAACAXicdVBNS0JBFJ1nX2Zfr9oEbYYkaPWYp2K6CKQ2LQ1SAxW5b5yng/M+mJkXiNimv9KmRRFt+xft+jfNU4OKOnDhcM69M/ceLxZcaUI+rMzS8srqWnY9t7G5tb1j7+41VZRIyho0EpG88UAxwUPW0FwLdhNLBoEnWMsbXaR+65ZJxaPwWo9j1g1gEHKfU9BG6tkHnRHEMeAzPMQdyiUVrA9K42HPzhOHlNyCSzBxiqTillJSrlbdShG7Dpkhjxao9+z3Tj+iScBCTQUo1XZJrLsTkJqbR6e5TqJYDHQEA9Y2NISAqe5kdsEUHxulj/1Imgo1nqnfJyYQKDUOPNMZgB6q314q/uW1E+1XuhMexolmIZ1/5CcC6winceA+l4xqMTYEqORmV0yHIIFqE1rOhPB1Kf6fNAuOW3bKV6V87XwRRxYdoiN0glx0imroEtVRA1F0hx7QE3q27q1H68V6nbdmrMXMPvoB6+0TfzmWUg==</latexit>

 = h~ h
<latexit sha1_base64="08RUhBkvsD+bvu0c7M7KtStQwgg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpK21HZXdOOyin1AO5RMmmlDM5khyQhl6B+4caGIW//InX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu7e/sHxcOjjo4SRVmbRiJSPZ9oJrhkbcONYL1YMRL6gnX96VXmd++Z0jySd2YWMy8kY8kDTomx0u0gHRZLyEVVXMYIIreC6riakVqjgesViF20QAms0BoW3wejiCYhk4YKonUfo9h4KVGGU8HmhUGiWUzolIxZ31JJQqa9dHHpHJ5ZZQSDSNmSBi7U7xMpCbWehb7tDImZ6N9eJv7l9RMT1L2UyzgxTNLloiAR0EQwexuOuGLUiJklhCpub4V0QhShxoZTsCF8fQr/J52yi2tu7aZaal6u4siDE3AKzgEGF6AJrkELtAEFAXgAT+DZmTqPzovzumzNOauZY/ADztsn9QaNrA==</latexit> {Positive semi-definite!
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Convolved process
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N (0, h~ h(x,x0))

✅ Evaluation time  for  points𝒪(N) N

✅ Directly control covariance via h

✅ Naturally supports non-stationarity
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Conditioning via “pathwise updates”  
[Journel and Huijbregts 1978, Wilson et al. 2020]
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Conditioning via “pathwise updates”  
[Journel and Huijbregts 1978, Wilson et al. 2020]
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Conditioning via “pathwise updates”  
[Journel and Huijbregts 1978, Wilson et al. 2020]
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Condition on

Full memory: preserve 
entire history of 
correlations, but 
conditioning cost grows

Conditioning via “pathwise updates”  
[Journel and Huijbregts 1978, Wilson et al. 2020]
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Condition only on

Instead, can forget things 
from long ago. 
Renewal+

Conditioning via “pathwise updates”  
[Journel and Huijbregts 1978, Wilson et al. 2020]
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Equal-time (20 Mins) 
Mean Squared Error



76 [Xu et al. 2025] (1937x)

Equal-time (20 Mins) 
Mean Squared Error
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Equal-time (20 Mins) 
Mean Squared Error

[Seyb et al. 2024]
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[Seyb et al. 2024] [Xu et al. 2025]  
(9281x)
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What’s next?
• Lots of interesting work remaining 

- further theory, speed, inverse 
problems, downstream tasks 

• Applications in other domains? 

- glacier science 

- nuclear engineering, remote sensing?
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