
Analysis of Sample Correlations for Monte Carlo Rendering

SAMPLING MEASURES & 
ERROR FORMULATIONS

Research Scientist
Cengiz Öztireli



Rendering: 
Computing Integrals



Numerical Integration
Approximate integrals with weighted sum of samples
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Numerical Integration
Approximate integrals with weighted sum of samples

Random ArrangementDensity



Stochastic Point Processes
Formal characterization of point patterns



Stochastic Point Processes
Formal characterization of point patterns

Point Process



Stochastic Point Processes
Examples of point processes

Natural Process Manuel Process



General Point Processes
Infinite point processes

Observation window



General Point Processes
Assign a random variable to each set

B

NpBq “ 3

B

NpBq “ 5

B

NpBq “ 2



General Point Processes
Joint probabilities define the point process

B1 B1 B1

B2 B2 B2

pNpB1q,NpB2q



Point Process Statistics
First order product density

x

Expected number of points around x
Measures local density

%(1)(x) = �(x)



Point Process Statistics
First order product density

%(1)(x) = �(x)



Point Process Statistics
First order product density

%(1)(x) = �(x)
Constant



Expected number of points around x & y
Measures the joint probability p(x,y)

x

y

%(2)(x,y) = %(x,y)

Point Process Statistics
Second order product density



Expected number of points around x, y, z

x

y

Point Process Statistics
Higher order product density?

z

Not necessary: second order dogma



Point Process Statistics
Summary: 1st & 2nd order correlations sufficient

x x

y



Stationary Point Processes

Stationary 
(translation invariant)

Isotropic
(translation & rotation invariant)



Stationary Point Processes
Stationary (translation invariant)

�(x) = �

%(x,y) = %(x� y)

= �2g(x� y)

Pair Correlation Function (PCF)
DoF reduced from 2d to d



Stationary Point Processes
Isotropic point process (translation & rotation invariant)

�(x) = �
g(x� y) = g(||x� y||)

PCF

r

gprq



Estimating Correlations
Second order stationary - pair correlation function (PCF)

ĝ(r) =
1

K�2

X

Pk

X

xi,xj2Pk,i 6=j

�(r� (xi � xj))

xi
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ĝ(r) =
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K�2aID (r)
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Pk
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xi,xj2Pk,i 6=j

�(r� (xi � xj))

Estimating Correlations
Second order stationary - pair correlation function (PCF)

xi
<latexit sha1_base64="HbiFAeLs2paXzw6ftVZpqsnLSb8=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl047KCfUA7lEx6pw3NZMYkUyxDv8ONC0Xc+jHu/BszbRfaeiBwOOde7skJEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8zf3mCJXmsXww4wT9iPYlDzmjxkp+J6JmEITZ06TLi91S2a24U5Bl4s1JGeaodUtfnV7M0gilYYJq3fbcxPgZVYYzgZNiJ9WYUDakfWxbKmmE2s+moSfk1Co9EsbKPmnIVP29kdFI63EU2Mk8pF70cvE/r52a8NrPuExSg5LNDoWpICYmeQOkxxUyI8aWUKa4zUrYgCrKjO0pL8Fb/PIyaZxXvIuKe39Zrt7M6yjAMZzAGXhwBVW4gxrUgcEjPMMrvDkj58V5dz5moyvOfOcI/sD5/AG5EpIO</latexit>

xj
<latexit sha1_base64="hA6nypX4AeaHRGbsaJUj5p3ydJg=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZU0GXRjcsK9gHtUDJppo3NZMYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JPjx4Jr4zjfqLCyura+UdwsbW3v7O6V9w+aOkoUZQ0aiUi1faKZ4JI1DDeCtWPFSOgL1vJHN5nfGjOleSTvzSRmXkgGkgecEmMlrxsSM/SD9Gnaeyj1yhWn6syAl4mbkwrkqPfKX91+RJOQSUMF0brjOrHxUqIMp4JNS91Es5jQERmwjqWShEx76Sz0FJ9YpY+DSNknDZ6pvzdSEmo9CX07mYXUi14m/ud1EhNceSmXcWKYpPNDQSKwiXDWAO5zxagRE0sIVdxmxXRIFKHG9pSV4C5+eZk0z6ruedW5u6jUrvM6inAEx3AKLlxCDW6hDg2g8AjP8ApvaIxe0Dv6mI8WUL5zCH+APn8AupeSDw==</latexit>

P1
<latexit sha1_base64="tU0b0eoNl8wExw9YQtNbNdg12GI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7APaoWTStA3NZMbkTqEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGd5nfmnBtRKQecRpzP6RDJQaCUbSS3w0pjhiVaX3W83rlilt15yCrxMtJBXLUe+Wvbj9iScgVMkmN6XhujH5KNQom+azUTQyPKRvTIe9YqmjIjZ/OQ8/ImVX6ZBBp+xSSufp7I6WhMdMwsJNZSLPsZeJ/XifBwY2fChUnyBVbHBokkmBEsgZIX2jOUE4toUwLm5WwEdWUoe2pZEvwlr+8SpoXVe+y6j5cVWq3eR1FOIFTOAcPrqEG91CHBjB4gmd4hTdn4rw4787HYrTg5DvH8AfO5w+1X5IM</latexit>

P2
<latexit sha1_base64="j9F+M4lECc47li7rjuJ/akzb5uE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXju8xvTbg2IlKPOI25H9KhEgPBKFrJ74YUR4zKtD7rVXulsltx5yCrxMtJGXLUe6Wvbj9iScgVMkmN6XhujH5KNQom+azYTQyPKRvTIe9YqmjIjZ/OQ8/IuVX6ZBBp+xSSufp7I6WhMdMwsJNZSLPsZeJ/XifBwY2fChUnyBVbHBokkmBEsgZIX2jOUE4toUwLm5WwEdWUoe2paEvwlr+8SprVindZcR+uyrXbvI4CnMIZXIAH11CDe6hDAxg8wTO8wpszcV6cd+djMbrm5Dsn8AfO5w+245IN</latexit>

P3
<latexit sha1_base64="iC+kx1EkUBFh6vgyNKWmHzpO+gk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7APaoWTStA3NZMbkTqEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGd5nfmnBtRKQecRpzP6RDJQaCUbSS3w0pjhiVaX3Wu+yVK27VnYOsEi8nFchR75W/uv2IJSFXyCQ1puO5Mfop1SiY5LNSNzE8pmxMh7xjqaIhN346Dz0jZ1bpk0Gk7VNI5urvjZSGxkzDwE5mIc2yl4n/eZ0EBzd+KlScIFdscWiQSIIRyRogfaE5Qzm1hDItbFbCRlRThranki3BW/7yKmleVL3LqvtwVand5nUU4QRO4Rw8uIYa3EMdGsDgCZ7hFd6cifPivDsfi9GCk+8cwx84nz+4Z5IO</latexit>

P4
<latexit sha1_base64="S0vPVGRY0MCHhdvBcQZM9siQX/8=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9lVEj0SvXjERJAENuRtKdDQ7a5tl4Rs+B1ePGiMV3+MN/+NXdiDgpM0mcy8lzedIBZcG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEUdakkYhUO0DNBJesabgRrB0rhmEg2GMwvs38xwlTmkfywUxj5oc4lHzAKRor+d0QzYiiSBuzXq1XrrhVdw6ySrycVCBHo1f+6vYjmoRMGipQ647nxsZPURlOBZuVuolmMdIxDlnHUokh0346Dz0jZ1bpk0Gk7JOGzNXfGymGWk/DwE5mIfWyl4n/eZ3EDK79lMs4MUzSxaFBIoiJSNYA6XPFqBFTS5AqbrMSOkKF1NieSrYEb/nLq6R1UfUuq+59rVK/yesowgmcwjl4cAV1uIMGNIHCEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AueuSDw==</latexit>



Estimating Correlations
Second order stationary - pair correlation function (PCF)

Pair Correlation FunctionPoint Distribution



ĝ(r) =
1

�2rd�1|Sd|
X

i 6=j

k(r � kxi � xjk)

Estimating Correlations
Second order isotropic - pair correlation function (PCF)

Kernel
e.g. Gaussian

Volume of the unit 
hypercube in d dimensions



Pair Correlation Function

1
ĝ(r) =

1

�2rd�1|Sd|
X

i 6=j

k(r � kxi � xjk)

ĝ(r) =
1

�2rd�1|Sd|
X

i 6=j

k(r � kxi � xjk)



Pair Correlation Function

1
ĝ(r) =

1

�2rd�1|Sd|
X

i 6=j

k(r � kxi � xjk)

ĝ(r) =
1

�2rd�1|Sd|
X

i 6=j

k(r � kxi � xjk)



Spectral Statistics

Power spectrum Fourier transform
of PCF



Spectral Statistics

sm =
X

e�i2⇡mT
xj
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�(x� xj)
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Spectral Statistics

PCF Power spectrum
Points

Points

pm = EP [s
⇤
msm] = �gm + 1
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Spectral Statistics

Power spectrum Radial average Radial anisotropy

pm = EP [s
⇤
msm] = �gm + 1
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Statistics for Stationary Processes
Summary 
Stationary: Spatial (PCF) & spectral (power spectrum)

Isotropic: radial averages

PCF Power 
spectrum



EP

2

4
X

I 6=j

f(xi,xj)

3

5 =

Z

Rd⇥Rd

f(x,y)%(x,y)dxdy
EP

2

4
X

I 6=j

f(xi,xj)

3

5 =

Z

Rd⇥Rd

f(x,y)%(x,y)dxdy

Error in Numerical Integration
Campbell’s Theorem

EP

hX
f(xi)

i
=

Z

Rd

f(x)�(x)dx



Error in Numerical Integration
Campbell’s theorem for the error of the integral estimator

Î :“
nÿ

i“1

wifpxiq biaspÎq “ I ´ EÎ varpÎq “ EÎ2 ´ pEÎq2

EÎ “ E
ÿ

wpxiqfpxiq “
ª

V
wpxqfpxq�pxqdx wi “ wpxiqEÎ “ E

ÿ
wpxiqfpxiq “

ª

V
wpxqfpxq�pxqdx

Campbell’s theorem 

EÎ “ E
ÿ

wpxiqfpxiq “
ª

V
wpxqfpxq�pxqdx

wpxq “ 1{�pxq Ñ biaspÎq “ 0



EÎ2 “ E
ÿ

i‰j

wifiwjfj ` E
ÿ

pwifiq2

Error in Numerical Integration
Campbell’s theorem for the error of the integral estimator

Î :“
nÿ

i“1

wifpxiq biaspÎq “ I ´ EÎ varpÎq “ EÎ2 ´ pEÎq2

“
ª

V ˆV
wpxqfpxqwpyqfpyq%px,yqdxdy `

ª

V
w2pxqf2pxq�pxqdx

EÎ2 “ E
ÿ

i‰j

wifiwjfj ` E
ÿ

pwifiq2



var(Î) =
1

�

Z
f2(x)dx+

Z
af (r)g(r)dh�

✓Z
f(x)dx

◆2
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Error in Numerical Integration
Stationary point processes

�(x) = �

%(x,y) = %(x� y)= �2g(x� y)

Density Arrangement

biaspÎq “ 0 pw “ 1{�q

g “ 1

g ° 1

g † 1



var(Î) =
1

�

Z
f2(x)dx+

Z
af (r)g(r)dh�

✓Z
f(x)dx

◆2
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Error in Numerical Integration
Stationary point processes

var(Î) =
1

�

Z
f2(x)dx+

Z
af (r)g(r)dh�

✓Z
f(x)dx

◆2
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Z
f2(x)dx+

Z
af (r)g(r)dh�
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f(x)dx

◆2
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�

Z
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Z
af (r)g(r)dh�
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Error in Numerical Integration
Importance Sampling – invertible warp

�, g(r)
<latexit sha1_base64="xG9lJ2RfHePKIId64i0gsi+Sqmo=">AAACAnicbVDLSsNAFL2prxpfUVfiZrAIFaQkKuiy6MZlBfuAJpTJdNIOnTyYmQglFDf+ihsXirj1K9z5N07aLLT1wMDhnHOZe4+fcCaVbX8bpaXlldW18rq5sbm1vWPt7rVknApCmyTmsej4WFLOItpUTHHaSQTFoc9p2x/d5H77gQrJ4uhejRPqhXgQsYARrLTUsw5crsN9fIoGVTfEaugHmZicmKbZsyp2zZ4CLRKnIBUo0OhZX24/JmlII0U4lrLr2InyMiwUI5xOTDeVNMFkhAe0q2mEQyq9bHrCBB1rpY+CWOgXKTRVf09kOJRyHPo6mW8p571c/M/rpiq48jIWJamiEZl9FKQcqRjlfaA+E5QoPtYEE8H0rogMscBE6dbyEpz5kxdJ66zmnNfsu4tK/bqoowyHcARVcOAS6nALDWgCgUd4hld4M56MF+Pd+JhFS0Yxsw9/YHz+AM+Olb4=</latexit>

�(x), %(x,y)
<latexit sha1_base64="oWRVL1rpVaT0d9V7WMv8TwNcbQA=">AAACIHicbVDLSsNAFJ3UV42vqEs3g0VoQUqiQl0W3bisYB/QhDKZTtqhkwczk2II+RQ3/oobF4roTr/GSZtFbT0wcDjnXObe40aMCmma31ppbX1jc6u8re/s7u0fGIdHHRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1J7e5350SLmgYPMgkIo6PRgH1KEZSSQOjYTMVHqKq7SM5dr30MaudQ3uKOB+HC6LSCp5kNV3XB0bFrJszwFViFaQCCrQGxpc9DHHsk0BihoToW2YknRRxSTEjmW7HgkQIT9CI9BUNkE+Ek84OzOCZUobQC7l6gYQzdXEiRb4Qie+qZL6lWPZy8T+vH0vv2klpEMWSBHj+kRczKEOYtwWHlBMsWaIIwpyqXSEeI46wVJ3mJVjLJ6+SzkXduqyb91eV5k1RRxmcgFNQBRZogCa4Ay3QBhg8gRfwBt61Z+1V+9A+59GSVswcgz/Qfn4Bm0yikQ==</latexit>



Error in Numerical Integration
Importance Sampling – general unbiased

var(Î) =

Z
f2(x)

�(x)
dx+

Z
f(x)f(y)

%(x,y)

�(x)�(y)
dxdy �

✓Z
f(x)dx

◆2

<latexit sha1_base64="gMFl1msmRjllvKsR3b7t3pYWNjY="></latexit>

Importance Sampling – random add/remove for intensity

var(Î) =

Z
f2(x)

�(x)
dx+

Z
f(x)f(y)g(x� y)dxdy �

✓Z
f(x)dx

◆2

<latexit sha1_base64="CnWTMqj0eF1CAjs0c+uIJ3nE+8I="></latexit>



Error in Numerical Integration
Spectral counterparts

var(Î) = I2var(s0) +
X

m 6=0

f⇤mfmE[s⇤msm] +
X

l 6=m

f⇤mflE[sms⇤l ]

<latexit sha1_base64="HcF1aGqCYmwXzru23FQAIH5KopM="></latexit>

s(x) =
X

w(xi)�(x� xi)
<latexit sha1_base64="nybXgaMMiUdLDNtgmW1Xy5gSN3I=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEBd0IRTddVrAPaEKYTCbt0MmDmYlaQn/JjX8ibrpQxK0/4aTNog8PDBzOOZe597gxo0IaxkQrrK1vbG4Vt0s7u3v7B/rhUVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03OF95neeCBc0Ch/lKCZ2gPoh9SlGUkmO3hAVK0By4Prpy7gKb6ElkgA+z4kOrULLI0wiOKfCc7gQKTl62agZU8BVYuakDHI0Hf3d8iKcBCSUmCEheqYRSztFXFLMyLhkJYLECA9Rn/QUDVFAhJ1OLx7DM6V40I+4eqGEU3V+IkWBEKPAVclsS7HsZeJ/Xi+R/o2d0jBOJAnx7CM/YVBGMKsPepQTLNlIEYQ5VbtCPEAcYalKzkowl09eJe2LmnlZMx6uyvW7vI4iOAGnoAJMcA3qoAGaoAUweAUf4BN8aW/aRPvWfmbRgpbPHIMFaL9/uUWpTQ==</latexit>

sm =
X

w(xi)e
�2⇡mT

xi

<latexit sha1_base64="hWieJ8oVTEDz0OnopNMp2A9ag8E="></latexit>

Phase
Non-stationary

Power spectra
Stationary



Error in Numerical Integration
Spectral counterparts – stationary point processes

var(Î) = I2var(s0) +
X

m 6=0

f⇤mfmE[s⇤msm] +
X

l 6=m

f⇤mflE[sms⇤l ]

<latexit sha1_base64="HcF1aGqCYmwXzru23FQAIH5KopM="></latexit>

s(x) =
X

w(xi)�(x� xi)
<latexit sha1_base64="nybXgaMMiUdLDNtgmW1Xy5gSN3I=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEBd0IRTddVrAPaEKYTCbt0MmDmYlaQn/JjX8ibrpQxK0/4aTNog8PDBzOOZe597gxo0IaxkQrrK1vbG4Vt0s7u3v7B/rhUVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03OF95neeCBc0Ch/lKCZ2gPoh9SlGUkmO3hAVK0By4Prpy7gKb6ElkgA+z4kOrULLI0wiOKfCc7gQKTl62agZU8BVYuakDHI0Hf3d8iKcBCSUmCEheqYRSztFXFLMyLhkJYLECA9Rn/QUDVFAhJ1OLx7DM6V40I+4eqGEU3V+IkWBEKPAVclsS7HsZeJ/Xi+R/o2d0jBOJAnx7CM/YVBGMKsPepQTLNlIEYQ5VbtCPEAcYalKzkowl09eJe2LmnlZMx6uyvW7vI4iOAGnoAJMcA3qoAGaoAUweAUf4BN8aW/aRPvWfmbRgpbPHIMFaL9/uUWpTQ==</latexit>

sm =
X

w(xi)e
�2⇡mT

xi

<latexit sha1_base64="hWieJ8oVTEDz0OnopNMp2A9ag8E="></latexit>

Power spectra
Stationary

var(Î) = I2var(s0) +
X

m 6=0

f⇤mfmE[s⇤msm] +
X

l 6=m

f⇤mflE[sms⇤l ]

<latexit sha1_base64="HcF1aGqCYmwXzru23FQAIH5KopM="></latexit>



Error in Numerical Integration
Spectral counterparts – stationary point processes

s(x) =
X

w(xi)�(x� xi)
<latexit sha1_base64="nybXgaMMiUdLDNtgmW1Xy5gSN3I=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEBd0IRTddVrAPaEKYTCbt0MmDmYlaQn/JjX8ibrpQxK0/4aTNog8PDBzOOZe597gxo0IaxkQrrK1vbG4Vt0s7u3v7B/rhUVtECcekhSMW8a6LBGE0JC1JJSPdmBMUuIx03OF95neeCBc0Ch/lKCZ2gPoh9SlGUkmO3hAVK0By4Prpy7gKb6ElkgA+z4kOrULLI0wiOKfCc7gQKTl62agZU8BVYuakDHI0Hf3d8iKcBCSUmCEheqYRSztFXFLMyLhkJYLECA9Rn/QUDVFAhJ1OLx7DM6V40I+4eqGEU3V+IkWBEKPAVclsS7HsZeJ/Xi+R/o2d0jBOJAnx7CM/YVBGMKsPepQTLNlIEYQ5VbtCPEAcYalKzkowl09eJe2LmnlZMx6uyvW7vI4iOAGnoAJMcA3qoAGaoAUweAUf4BN8aW/aRPvWfmbRgpbPHIMFaL9/uUWpTQ==</latexit>

sm =
X

w(xi)e
�2⇡mT

xi

<latexit sha1_base64="hWieJ8oVTEDz0OnopNMp2A9ag8E="></latexit>

var(Î) = I2var(s0) +
X

m 6=0

f⇤mfmE[s⇤msm] +
X

l 6=m

f⇤mflE[sms⇤l ]

<latexit sha1_base64="HcF1aGqCYmwXzru23FQAIH5KopM="></latexit>

X

m 6=0

(f⇤mfm)pm

<latexit sha1_base64="6egYVlcMhzyBC61GLG08pCOOIQ0=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoLsqMCrpwUXTjsoJ9QKcOmTTThiaZMckIZejPuPFX3LiwiODKXzHTFqmtBwLnnHsvufcEMaNKO86XlVtaXlldy68XNja3tnfs3b26ihKJSQ1HLJLNACnCqCA1TTUjzVgSxANGGkH/Jqs3nohUNBL3ehCTNkddQUOKkTaWb195KuF+yqEnyCN0hrDkcaR7QZiGQ58/nMBZefyrYqMKBd8uOmVnDLhI3Ckpgimqvj3yOhFOOBEaM6RUy3Vi3U6R1BQzMix4iSIxwn3UJS1DBeJEtdPxlUN4ZJwODCNpntBw7M5OpIgrNeCB6cy2VPO1zPyv1kp0eNlOqYgTTQSefBQmDOoIZpHBDpUEazYwBGFJza4Q95BEWJtgsxDc+ZMXSf207J6VnbvzYuV6GkceHIBDUAIuuAAVcAuqoAYweAav4B2MrBfrzfqwPietOWs6sw/+wPr+AcT7pMk=</latexit>

pm = E[s⇤msm] = �gm + 1
<latexit sha1_base64="+dwoOo7inTMn9Nq3UqMBU6s3pf4="></latexit>



Error in Numerical Integration
Stationary point processes – spatial vs. spectral

var(Î) =
1

�

Z
f2(x)dx+

Z
af (r)g(r)dh�

✓Z
f(x)dx

◆2

<latexit sha1_base64="//SxKrC7ydvATyPqSZww5kYGfFQ="></latexit>

var(Î) =
1

�

Z
f2(x)dx+

Z
af (r)g(r)dh�

✓Z
f(x)dx

◆2

<latexit sha1_base64="//SxKrC7ydvATyPqSZww5kYGfFQ="></latexit>

X

m 6=0

(f⇤mfm)pm

<latexit sha1_base64="6egYVlcMhzyBC61GLG08pCOOIQ0=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoLsqMCrpwUXTjsoJ9QKcOmTTThiaZMckIZejPuPFX3LiwiODKXzHTFqmtBwLnnHsvufcEMaNKO86XlVtaXlldy68XNja3tnfs3b26ihKJSQ1HLJLNACnCqCA1TTUjzVgSxANGGkH/Jqs3nohUNBL3ehCTNkddQUOKkTaWb195KuF+yqEnyCN0hrDkcaR7QZiGQ58/nMBZefyrYqMKBd8uOmVnDLhI3Ckpgimqvj3yOhFOOBEaM6RUy3Vi3U6R1BQzMix4iSIxwn3UJS1DBeJEtdPxlUN4ZJwODCNpntBw7M5OpIgrNeCB6cy2VPO1zPyv1kp0eNlOqYgTTQSefBQmDOoIZpHBDpUEazYwBGFJza4Q95BEWJtgsxDc+ZMXSf207J6VnbvzYuV6GkceHIBDUAIuuAAVcAuqoAYweAav4B2MrBfrzfqwPietOWs6sw/+wPr+AcT7pMk=</latexit>
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