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Ŝ(!)



Samples and function in  
Fourier Domain

7

Spatial Domain Fourier Domain

f(x)

0 w-w

f̂(!)

0 w-w
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f̂⇤(!)Ŝ(!)d!I = f̂(0)

True Integral



Error in Spatial Domain

22

I � µ̃N =

Z

D
f(x)dx�

Z

D
f(x)S(x)dx

µ̃N =

Z

⌦
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f̂⇤(!) hŜ(!)i d!

hI � µ̃N i = f̂(0)�
⌧Z

⌦
f̂⇤(!)Ŝ(!)d!
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hŜ(!)i = 0

For a given frequency       !



38

Real

Imag

…

… Multiple realizations

Phase change due to  
Random Shift
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Error = Bias

2
+Variance

• Homogenization allows representation of error only 
in terms of variance 

• We can take any sampling pattern and homogenize 
it to make the Monte Carlo estimator unbiased.
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f̂⇤(!)Ŝ(!)d!Error:

Var(I � µ̃N ) = Var

✓
f̂(0)�

Z

⌦
f̂⇤(!) Ŝ(!) d!
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◆



Variance in the Fourier domain

44

Var(µ̃N ) = Var

✓Z

⌦
f̂⇤(!) Ŝ(!)d!
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This is a general form, both for homogenised as well as  
non-homogenised sampling patterns
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Variance using  
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Pilleboue et al. [2015]
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Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

57



Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

For given number of Samples

Sampling Radial Power Spectrum

Integrand Radial Power Spectrum

57



Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

For given number of Samples

Sampling Radial Power Spectrum

Integrand Radial Power Spectrum

58



Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

For given number of Samples

Sampling Radial Power Spectrum

Integrand Radial Power Spectrum

59



Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

For given number of Samples

Sampling Radial Power Spectrum

Integrand Radial Power Spectrum

60



Variance: Integral over  
Product of Power Spectra

V ar[µ̃N ] = M(Sd�1)

Z 1

0
P̃f (⇢) hP̃S(⇢)i d⇢

For given number of Samples

Sampling Radial Power Spectrum

Integrand Radial Power Spectrum

60



Spatial Distribution vs  
Radial Mean Power Spectra

61

0 1 2 3 4

Frequency

0

1

2

P
o
w
e
r

0 1 2 3 4

Frequency

0

1

2

P
o
w
e
r

Ji
tte

r
Po

is
so

n 
D

is
k



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

Pilleboue et al. [2015]

For 2-dimensions



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

Pilleboue et al. [2015]

For 2-dimensions

O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

Pilleboue et al. [2015]

For 2-dimensions

O(N�1) O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1.5)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1) O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1.5) O(N�2)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1) O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1.5) O(N�2)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1)

O(N�1) O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1)

O(N�1.5) O(N�2)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1)

O(N�1) O(N�1)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1)

O(N�1.5) O(N�2)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1)

O(N�1) O(N�1)

O(N�1.5)



62

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1)

O(N�1.5) O(N�2)

Pilleboue et al. [2015]

For 2-dimensions

O(N�1)

O(N�1) O(N�1)

O(N�1.5) O(N�3)



63

Pilleboue et al. [2015]

For 2-dimensions

Samplers Worst Case Best Case

Random

Jitter

Poisson Disk

CCVT

O(N�1)

O(N�1.5) O(N�2)

O(N�1)

O(N�1) O(N�1)

O(N�1.5) O(N�3)

Ji
tte

r
Po

is
so

n 
D

is
k



Low Frequency Region
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Low Frequency Region

64

Zoom-in

0 1 2 3 4

Frequency

0

1

2

P
o
w
e
r

0 1 2 3 4

Frequency

0

1

2

P
o
w
e
r

Ji
tte

r
Po

is
so

n 
D

is
k



Variance for Low Sample Count
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Variance for Low Sample Count
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Variance for Increasing  
Sample Count
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Experimental Verification
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Disk Function as Worst Case
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Gaussian as Best Case

72



Gaussian as Best Case
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Ambient Occlusion Examples
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Random vs Jittered
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CCVT vs. Poisson Disk
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Convergence rates
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Jittered vs Poisson Disk
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• For real time rendering, blue noise samples are 
more effective in reducing variance for a given 
number of samples


