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(a) Jittered 2D projections (b) Multi-Jittered 2D projections (c) (Correlated) Multi-Jittered 2D projections

Figure 1: We create high-dimensional samples which simultaneously stratify all bivariate projections, here shown for a set of 25 4D samples,
along with their six stratified 2D projections and expected power spectra. We can achieve 2D jittered stratifications (a), optionally with
stratified 1D (multi-jittered) projections (b). We can further improve stratification using correlated multi-jittered (c) offsets for primary
dimension pairs (xy and uv) while maintaining multi-jittered properties for cross dimension pairs (xu, xv, yu, yv). In contrast to random
padding, which degrades to white noise or Latin hypercube sampling in cross dimensional projections (cf. Fig. 2), we maintain high-quality
stratification and spectral properties in all 2D projections.

Abstract
We generalize N-rooks, jittered, and (correlated) multi-jittered sampling to higher dimensions by importing and improving
upon a class of techniques called orthogonal arrays from the statistics literature. Renderers typically combine or “pad” a
collection of lower-dimensional (e.g. 2D and 1D) stratified patterns to form higher-dimensional samples for integration. This
maintains stratification in the original dimension pairs, but looses it for all other dimension pairs. For truly multi-dimensional
integrands like those in rendering, this increases variance and deteriorates its rate of convergence to that of pure random
sampling. Care must therefore be taken to assign the primary dimension pairs to the dimensions with most integrand variation,
but this complicates implementations. We tackle this problem by developing a collection of practical, in-place multi-dimensional
sample generation routines that stratify points on all t-dimensional and 1-dimensional projections simultaneously. For instance,
when t=2, any 2D projection of our samples is a (correlated) multi-jittered point set. This property not only reduces variance,
but also simplifies implementations since sample dimensions can now be assigned to integrand dimensions arbitrarily while
maintaining the same level of stratification. Our techniques reduce variance compared to traditional 2D padding approaches like
PBRT’s (0,2) and Stratified samplers, and provide quality nearly equal to state-of-the-art QMC samplers like Sobol and Halton
while avoiding their structured artifacts as commonly seen when using a single sample set to cover an entire image. While in this
work we focus on constructing finite sampling point sets, we also discuss potential avenues for extending our work to progressive
sequences (more suitable for incremental rendering) in the future.
CCS Concepts
• Computing methodologies ! Computer graphics; Ray tracing; • Theory of computation ! Generating random combina-
torial structures; • Mathematics of computing ! Stochastic processes; Computations in finite fields;

1. Introduction

Rendering requires determining the amount of light arriving at
each pixel in an image, which can be posed as an integration prob-
lem [CPC84]. Unfortunately, this is a particularly challenging in-
tegration problem because the integrand is very high dimensional,
and it often has complex discontinuities and singularities. Monte
Carlo (MC) integration—which numerically approximates integrals

by evaluating and averaging the integrand at several sample point
locations—is one of the only practical numerical approaches for
such problems since its error convergence rate (using random sam-
ples) does not depend on the dimensionality of the integrand. Taking
samples often corresponds to tracing rays, which can be costly in
complicated scenes, so a common goal is to optimize speed by
rendering accurate images using as few samples as possible.
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Independent random sampling
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✘ Big gaps & clumps
✘ Slow convergence: 

Variance = O(N-1)
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Monte Carlo (16 stratified samples)

✔Provably reduces variance 
✘ But only practical in low dimensions (1-2D)
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Correlated sampling zoo

See recent STAR [SÖA*19]
✘ Don’t generalize efficiently beyond 2D

High dimensional samples?

�15

Stratification-based Quasi-MC/ 
low-discrepancy

Frequency-based/ 
“blue-noise”



“Padding” 2D point sets

�16

[Cook 86]

x

y

u

v

Slide after Gurprit Singh



(x1, y1)
(x2, y2)
(x3, y3)
(x4, y4) (u4, v4)

(u3, v3)
(u2, v2)
(u1, v1)

...
...

2D 2D

“Padding” 2D point sets

�16

[Cook 86]

x

y

u

v

Slide after Gurprit Singh



(x1, y1, u3, v3)

(x1, y1)
(x2, y2)
(x3, y3)
(x4, y4) (u4, v4)

(u3, v3)
(u2, v2)
(u1, v1)

...
...

(x2, y2, u1, v1)
(x3, y3, u4, v4)
(x4, y4, u2, v2)

...

2D 2D

4D

“Padding” 2D point sets

�16

[Cook 86]

x

y

u

v

Slide after Gurprit Singh



“Padding” 2D point sets

�17



“Padding” 2D point sets

�17x y u

u

y

v



“Padding” 2D point sets

�17x y u

u

y

v

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�17x y u

u

y

v

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�18x y u

u

y

v

✘

✔

✔

✘

✘ ✘

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�19x y u

u

y

v

x y u

u

y

v

✘

✔

✔

✘

✘ ✘

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�19x y u

u

y

v

x y u

u

y

v

XORed 
(0,2) seq. 
[Kollig & Keller 02]

✘

✔

✔

✘

✘ ✘

✔

✔

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�19x y u

u

y

v

x y u

u

y

v

XORed 
(0,2) seq. 
[Kollig & Keller 02]

✘

✔

✔

✘

✘ ✘

✔

✔

✔

✔

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�19x y u

u

y

v

x y u

u

y

v

XORed 
(0,2) seq. 
[Kollig & Keller 02]

✘

✔

✔

✘

✘ ✘

✔

✔

✔

✔

✘

✘

Permuted CMJ samples 
[Kensler 13]



“Padding” 2D point sets

�20x y u

u

y

v

x y u

u

y

v

XORed + permuted 
(0,2) seq. 
[Kollig & Keller 02]

✘

✔

✔

✘

✘ ✘

✘

✔

✔

✘

✘ ✘

Permuted CMJ samples 
[Kensler 13]



Ours: stratifies all 1D and 2D projections
All 2D projections are 
(correlated) multi-jittered
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Contributions
Import/apply Orthogonal Arrays to rendering
- Classic technique (1930s) from statistics/experimental design

- A precursor to quasi-Monte Carlo

✔Natively creates stratified, higher-dimensional points

Show how to make these fast and practical for rendering
Provide a sort of Rosetta Stone to this literature

�22Orthogonal array sampling for Monte Carlo rendering
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✘ Testing all combinations of factors is expensive: N = sd = 81

- What if we consider at most 2-way interactions?
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A strength t = 2 OA considers all 2-way interactions 
Every combination of levels in any t = 2 factors is tested.
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�33Orthogonal array sampling for Monte Carlo rendering

A strength t = 2 OA considers all 2-way interactions 
Every combination of levels in any t = 2 factors is tested.

Now we only need st = 32 = 9 runs (for s = 3 levels at strength t = 2)!
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Jittered projections

Monte Carlo using OAs
[Owen 92] 

OA-based jittered

This OA encodes nine 4D points, 
which project to a jittered 3 ⨉ 3 grid 
when plotting any pair of dimensions.

runs: 0 1 2 3 4 5 6 7 8
x: 0 0 0 1 1 1 2 2 2
y: 0 1 2 0 1 2 0 1 2
u: 0 1 2 1 2 0 2 0 1
v: 0 1 2 2 0 1 1 2 0
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Jittered projections

Monte Carlo using OAs
[Owen 92] 

OA-based jittered

runs: 0 1 2 3 4 5 6 7 8
x: 1 2 0 2 1 2 1 0 1
y: 2 0 0 1 2 1 2 1 0
u: 1 2 1 0 0 1 2 2 0
v: 2 1 0 1 0 2 0 1 2
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✔Permute levels in each dimension

This OA encodes nine 4D points, 
which project to a jittered 3 ⨉ 3 grid 
when plotting any pair of dimensions.
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which project to a jittered 3 ⨉ 3 
grid when plotting any pair of dimensions.
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✔Arrange points to fall in sub-strata

[Tang 93] 
OA-based Latin hypercubes

This OA encodes nine 4D points, 
which project to a jittered 3 ⨉ 3 
grid when plotting any pair of dimensions.
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Multi-jittered projections

Monte Carlo using OAs
[Tang 93] 

OA-based Latin hypercubes

This OA encodes nine 4D points, 
which project to a multi-jittered 3 ⨉ 3 
grid when plotting any pair of dimensions.

runs: 0 1 2 3 4 5 6 7 8
x: 1 2 0 2 1 2 1 0 1
y: 2 0 0 1 2 1 2 1 0
u: 1 2 1 0 0 1 2 2 0
v: 2 1 0 1 0 2 0 1 2
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✔Arrange points to fall in sub-strata
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- Trivial to construct: 

- Stratify all 1D projections 
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OK, but how do we construct these?
Strength t = 1 OAs: 
- Trivial to construct: 

- Stratify all 1D projections 
- Permute levels 

• Latin hypercube sampling (LHS)
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OK, but how do we construct these?
What about t ≥ 2?
- Generalization of LHS
- Proofs: for what values of N, s, d, t does an OA exist?
- but little emphasis on constructing them quickly

Orthogonal array sampling for Monte Carlo rendering
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Contributions
Import/enhance 2 existing, and introduce 1 novel method
- make them fast
- generate samples and dimensions on-demand
- no need to compute entire array; no precomputation
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Constructions
Bose [1938] (t = 2):
- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and
- correlated offsets [Ken13]
- N = s2 and d = s+1 where s is any prime

Bush [1952] (t ≥ 2):
- stratifies all tD [Owe92] + 1D projections [Tan93]
- N = st and d = s where s is any prime

High dimensional CMJ (t ≥ 2):
- stratifies all tD + 1D projections + correlated [Ken13]
- s is any positive integer; num samples N = st and max dimension d = t

�50Orthogonal array sampling for Monte Carlo rendering
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More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;

10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-
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More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;
10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-
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More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;

10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-
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Listing 4: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p) { // pseudo-random permutation seed
5 int Aij, Aik;
6 int Ai0 = i / s;
7 int Ai1 = i % s;
8 if (j == 0) {
9 Aij = Ai0;

10 Aik = Ai1;
11 } else if (j == 1) {
12 Aij = Ai1;
13 Aik = Ai0;
14 } else {
15 int k = (j % 2) ? j-1 : j+1;
16 Aij = (Ai0 + (j-1) * Ai1) % s;
17 Aik = (Ai0 + (k-1) * Ai1) % s;
18 }
19 int stratum = permute(Aij, s, p * j * 0x51633e2d);
20 int subStratum = permute(Aik, s, p * j * 0x68bc21eb);
21 float jitter = randfloat(i, p * j * 0x02e5be93);
22 return (stratum + (subStratum + jitter) / s) / s;
23 }

References

[AZ16] ATKINS, J. and ZAX, D. B. “Nested orthogonal arrays”.
arXiv:1601.06459 [stat] (Jan. 2016). arXiv: 1601.06459 [stat] 1.

[CQ14] CHEN, J. and QIAN, P. Z. “Latin hypercube designs with controlled
correlations and multi-dimensional stratification”. Biometrika 101.2 (Feb.
2014), 319–332. ISSN: 1464-3510. DOI: 10/f5549t 1.

[CSW94] CHIU, K., SHIRLEY, P., and WANG, C. “Multi-jittered sampling”.
Graphics Gems IV. Ed. by HECKBERT, P. S. San Diego, CA, USA:
Academic Press, 1994, 370–374. ISBN: 0-12-336155-9 1.

[HCT18] HE, Y., CHENG, C.-S., and TANG, B. “Strong orthogonal arrays
of strength two plus”. The Annals of Statistics 46.2 (Apr. 2018), 457–468.
ISSN: 0090-5364. DOI: 10/gfznb6 1.

[HHQ16] HWANG, Y., HE, X., and QIAN, P. Z. “Sliced orthogonal array-
based Latin hypercube designs”. Technometrics 58.1 (Jan. 2016), 50–61.
ISSN: 1537-2723. DOI: 10/f8cjrk 1.

[HQ10] HAALAND, B. and QIAN, P. Z. G. “An approach to constructing
nested space-filling designs for multi-fidelity computer experiments”.
Statistica Sinica 20.3 (2010), 1063–1075. ISSN: 1017-0405 1.

[HQ11] HE, X. and QIAN, P. Z. G. “Nested orthogonal array-based Latin
hypercube designs”. Biometrika 98.3 (Sept. 2011), 721–731. ISSN: 0006-
3444. DOI: 10/cz9pj6 1.

[HSS99] HEDAYAT, A. S., SLOANE, N. J. A., and STUFKEN, J. Orthogo-
nal Arrays: Theory and Applications. Springer-Verlag, 1999. ISBN: 978-
1-4612-7158-1. DOI: bqh3jj 1.

[HT12] HE, Y. and TANG, B. “Strong orthogonal arrays and associated
Latin hypercubes for computer experiments”. Biometrika 100.1 (Dec.
2012), 254–260. ISSN: 1464-3510. DOI: 10/gfznb5 1.

[HT14] HE, Y. and TANG, B. “A characterization of strong orthogonal
arrays of strength three”. The Annals of Statistics 42.4 (2014), 1347–1360.
ISSN: 00905364. DOI: 10/gfznb4 1.

[Ken13] KENSLER, A. Correlated Multi-Jittered Sampling. Tech. rep. 13-
01. Pixar Animation Studios, Mar. 2013 1, 4.

[KK02] KOLLIG, T. and KELLER, A. “Efficient multidimensional sam-
pling”. Computer Graphics Forum (Proceedings of Eurographics) 21.3
(Sept. 2002), 557–563. ISSN: 0167-7055. DOI: 10/d2stpx 4.

[LL15] LIU, H. and LIU, M.-Q. “Column-orthogonal strong orthogonal
arrays and sliced strong orthogonal arrays”. Statistica Sinica (2015). ISSN:
1017-0405. DOI: 10/f7z56h 1.

[Owe13] OWEN, A. B. Monte Carlo Theory, Methods and Examples. To
be published, 2013. URL: https://statweb.stanford.edu/~owen/mc/
(visited on 06/07/2019) 1.

[Owe94] OWEN, A. B. “Controlling correlations in Latin hypercube sam-
ples”. Journal of the American Statistical Association 89.428 (Dec.
1994), 1517–1522. ISSN: 1537-274X. DOI: 10/gfzncf 1.

[QA10] QIAN, P. Z. G. and AI, M. “Nested lattice sampling: a new sam-
pling scheme derived by randomizing nested orthogonal arrays”. Journal
of the American Statistical Association 105.491 (2010), 1147–1155. ISSN:
01621459. DOI: 10/fwjp8h 1.

[QAW09] QIAN, P. Z. G., AI, M., and WU, C. F. J. “Construction of nested
space-filling designs”. The Annals of Statistics 37.6A (Dec. 2009), 3616–
3643. ISSN: 0090-5364, 2168-8966. DOI: 10/fr79bb 1.

[Qia09] QIAN, P. Z. G. “Nested Latin hypercube designs”. Biometrika 96.4
(2009), 957–970. ISSN: 0006-3444. DOI: 10/cpmd77 1.

[RHVD10] RENNEN, G., HUSSLAGE, B., VAN DAM, E. R., and DEN
HERTOG, D. “Nested maximin Latin hypercube designs”. Structural
and Multidisciplinary Optimization 41.3 (Apr. 2010), 371–395. ISSN:
1615-1488. DOI: 10/cpqtq3 1.

[SLQ14] SUN, F., LIU, M.-Q., and QIAN, P. Z. G. “On the construction of
nested space-filling designs”. The Annals of Statistics 42.4 (2014), 1394–
1425. ISSN: 0090-5364. DOI: 10/gf3nmd 1.

[Tan93] TANG, B. “Orthogonal array-based Latin hypercubes”. Journal
of the American Statistical Association 88.424 (Dec. 1993), 1392–1397.
ISSN: 1537-274X. DOI: 10/gfzncp 1.

[Tan98] TANG, B. “Selecting Latin hypercubes using correlation criteria”.
Statistica Sinica 8.3 (1998), 965–977. ISSN: 10170405, 19968507 1.

[Wen14] WENG, J. “Maximin Strong Orthogonal Arrays”. M.Sc. Thesis.
Simon Fraser University, 2014 1.

[WL13] WANG, K. and LI, Y. “Constructions of nested orthogonal arrays”.
Journal of Combinatorial Designs 21.10 (2013), 464–477. ISSN: 1520-
6610. DOI: 10/gf2zf9 1.

[YLL14] YIN, Y., LIN, D. K., and LIU, M.-Q. “Sliced Latin hypercube de-
signs via orthogonal arrays”. Journal of Statistical Planning and Inference
149 (June 2014), 162–171. ISSN: 0378-3758. DOI: 10/gfzncs 1.

[ZWD19] ZHANG, T.-F., WU, G., and DEY, A. “Construction of some
new families of nested orthogonal arrays”. Communications in Statistics -
Theory and Methods 48.3 (Feb. 2019), 774–779. ISSN: 0361-0926. DOI:
10/gf2zf4 1.

submitted to Eurographics Symposium on Rendering (2019)

Jarosz, Enayet, Kensler, Kilpatrick, and Christensen / Orthogonal Array Sampling for Monte Carlo Rendering

More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;

10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-
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More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;
10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-
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More generally, Eq. (1) stratifies all t-dimensional projections for
an OA of strength t. In simple terms, if A is a strength t = 2 OA,
Eq. (1) produces uniformly distributed d-dimensional points which
are simultaneously stratified in all 2D projections as if they had
been produced by jittered sampling. Fig. 1(a) shows the six different
stratified 2D projections of a 4D point set generated this way.

Orthogonal array-based multi-jittered sampling: The disadvan-
tage of using strengths t � 2 with such jittered offsets is that while
t-dimensional projections are stratified into st strata, the projections
for all lower dimensions r < t are only stratified into sr levels with
lst�r samples in each stratum, e.g., the 1-dimensional projections
are now only stratified into s1 intervals, not the st = N intervals
ensured by LH sampling. Tang [Tan93] showed how to achieve
both LH stratification and OA stratification by arranging, for each
dimension, all N/s = lst�1 points that would fall into the same
stratum to instead each fall into finer, distinct, sub-strata. This is
analogous to how multi-jittered sampling [CSW94] enforces both
LH and jittered stratifications; but while multi-jittered sampling is
restricted to 2D points, OAs allow generating d-dimensional points
with t-dimensional (plus 1-dimensional) stratification. Fig. 1 shows
the multi-jittered (b) and correlated multi-jittered (c) 2D projections
of a 4D point set generated using an efficient in-place construction
algorithm we propose in Sec. 4.

4. Practical construction techniques for rendering

In this section we translate the previously introduced mathematical
definitions of orthogonal arrays into concrete construction algo-
rithms suitable for MC integration in rendering. While some papers
in the OA literature include “constructions”, this typically refers
to an existance proof by construction rather than a practical and
efficient numerical algorithm.

Since practical rendering systems typically consume sample di-
mensions one by one, we seek construction algorithms that support
such on-the-fly generation. Our goal is to efficiently construct each
sample and dimension without much precomputation or storage, ide-
ally in a way where each dimension of each sample can be generated
independently and in any order.

We propose two practical implementations of classical OA con-
struction approaches (Secs. 4.1 and 4.2)—which target OAs of
strength t = 2 and t > 2, respectively—while enriching them with
jittered, multi-jittered and correlated multi-jittered offsets. We also
propose a (to our knowledge) novel construction algorithm (Sec. 4.3)
that generalizes Kensler’s CMJ sampling to arbitrary dimensions,
producing full-factorial OAs of strength t = d.

4.1. High-dimensional points with (C)MJ 2D projections

Bose [BN41; Bos38] proposed a construction technique for orthog-
onal arrays of type OA(s2,s+ 1,s,2) where s is a prime number.
From an MC rendering point of view, this will allow us to generalize
Latin hypercube [MBC79; Shi91], padded 2D jittered [CPC84], and
padded 2D (correlated [Ken13]) multi-jittered [CSW94] sampling
to be stratified simultaneously in all 1D and 2D projections.

Listing 1: Computing an arbitrary sample from a Bose OA pattern.

1 float boseOA(int i, // sample index
2 int j, // dimension (< s+1)
3 int s, // number of levels/strata
4 int p, // pseudo-random permutation seed
5 OffsetType ot) { // J, MJ, or CMJ
6 int Aij, Aik;
7 i = permute(i % (s*s), s*s, p * 0x51633e2d);
8 int Ai0 = i / s;
9 int Ai1 = i % s;

10 if (j == 0) {
11 Aij = Ai0;
12 Aik = Ai1;
13 } else if (j == 1) {
14 Aij = Ai1;
15 Aik = Ai0;
16 } else {
17 int k = (j % 2) ? j-1 : j+1;
18 Aij = (Ai0 + (j-1) * Ai1) % s;
19 Aik = (Ai0 + (k-1) * Ai1) % s;
20 }
21 int stratum = permute(Aij, s, p);
22 int subStratum = offset(Aij, Aik, s, p * 0x68bc21eb, ot);
23 float jitter = randfloat(i, p * 0x02e5be93);
24 return (stratum + (subStratum + jitter) / s) / s;
25 }
26
27 // Compute substrata offsets
28 int offset(int sx, int sy, int s, int p, OffsetType ot) {
29 if (ot == J) return permute(sy, s, (sy * s + sx + 1) * p);
30 if (ot == MJ) return permute(sy, s, (sx + 1) * p);
31 return permute(sy, s, p); // Defaults to CMJ
32 }

Bose’s construction sets the j-th dimension of the i-th sample to:

Ai0 = bi/sc, Ai1 = i mod s for j = 0 and j = 1; and (2)
Ai j = Ai0 +( j�1)Ai1 mod s for 2  j  s+1. (3)

The division and modulo operations for the first two dimensions (2)
cycle through the s2 possible 2-tuples by converting the value i into
a two-digit number in base s. This is equivalent to the standard
way of mapping a linear index i into a regular 2D s⇥ s grid. The
remaining dimensions (3) are simply a linear combination of the
first two, modulo s. The example orthogonal array in Table 1 was
created using this construction technique.

The orthogonal array produced by Eqs. (2) and (3) must be prop-
erly scaled to fit into the unit hypercube for MC integration. Trivially
mapping an OA by taking Xi j = Ai j/s creates points that lie within
just a few lines or planes (see Table 2) so it is essential to randomize
and jitter the OA beforehand to ensure the points are uniformly dis-
tributed (e.g. using Eq. (1)). In Listing 1 we provide pseudo-code for
computing an arbitrary sample i from the N = s⇥ s set of stratified
d-dimensional Bose samples in-place (without requiring significant
precomputation or storage). We model this after Kensler’s in-place
CMJ construction, but generalized to d dimensions, and enhanced
to allow for three different flavors of substrata offsets: jittered, multi-
jittered, and correlated multi-jittered.

Line 7 permutes the index i so that the samples are obtained in
random order. We rely on Kensler’s hashing-based permute(i,l,p)
function, which returns the element at position i in a random permu-
tation vector of length l where the value p is used to select one of
the l! possible permutations (we include the definition of permute()
as well as the pseudorandom randfloat() in Listing 4 for complete-
ness). Lines 8 and 9 implement Eq. (2) and Line 18 implements
Eq. (3) for the remaining dimensions of the sample. These are then
permuted (Line 21) to assign the sample to a random one of the ma-

© 2019 The Author(s)
Computer Graphics Forum © 2019 The Eurographics Association and John Wiley & Sons Ltd.
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Figure 4: ?? from the main paper extended with the Gaussian integrand. Variance behavior of 13 samplers on 4D analytic integrands of different complexity (columns) and
continuity (rows). We list the best-fit slope of each technique, which generally matches the theoretically predicted convergences rates (??). Our samplers always perform better than
traditional padding approaches, but are asymptotically inferior to high-dimensional QMC sequences for general high-dimensional integrands. When strength t < d (right two
columns), convergence degrades to �1, but higher strengths attain lower constant factors.
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Random

Relative MSE
Sampler Full image Crop

Random 1.481e-3 6.755e-4

121 spp



Jittered2D (pad)

Relative MSE
Sampler Full image Crop

Random 1.481e-3 6.755e-4

Jittered2D (pad) 1.036e-3 6.123e-4
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CMJ2D (pad) 8.721e-4 6.142e-4

(0,2)-seq. (pad) 8.299e-4 2.825e-4

128 spp
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Ours 7.864e-4 1.587e-4

121 spp
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Ours

Relative MSE
Sampler Full image Crop

Random 3.959e-3 2.857e-2

Jittered2D (pad) 1.669e-3 1.112e-2

CMJ2D (pad) 1.557e-3 1.136e-2

(0,2)-seq. (pad) 1.477e-3 1.075e-2

Ours 1.215e-3 6.099e-3

121 spp
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(0,2)-seq. (pad) 1.477e-3 1.075e-2

Ours 1.215e-3 6.099e-3

Halton 1.408e-3 6.912e-3

128 spp
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Ours

Relative MSE
Sampler Full image Crop

Random 3.959e-3 2.857e-2

Jittered2D (pad) 1.669e-3 1.112e-2

CMJ2D (pad) 1.557e-3 1.136e-2
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Halton 1.408e-3 6.912e-3
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Ours

Relative MSE
Sampler Full image Crop

Random 8.701e-4 1.503e-3

Jittered2D (pad) 7.385e-4 1.529e-3

CMJ2D (pad) 6.524e-4 9.821e-4

(0,2)-seq. (pad) 7.152e-4 1.457e-3

Ours 6.024e-4 9.123e-4

3969 spp



Sobol

Relative MSE
Sampler Full image Crop

Random 8.701e-4 1.503e-3

Jittered2D (pad) 7.385e-4 1.529e-3

CMJ2D (pad) 6.524e-4 9.821e-4

(0,2)-seq. (pad) 7.152e-4 1.457e-3

Ours 6.024e-4 9.123e-4

Halton 5.773e-4 9.845e-4

Sobol 5.994e-4 8.753e-4

4096 spp
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Summary
OAs with t = 2 consistently outperform 2D padding 
- drop-in replacement for 2D padded point sets!

High-dimensional QMC is sometimes better… 
- but structured artifacts
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Limitations/Future work
✘ Only finite point sets; not progressive

✘ Strength t OAs provide no stratification beyond tD
- Asymptotically no better than random when integrand d > t

💡Nested orthogonal arrays [He and Qian 2011, …]
💡Strong orthogonal arrays (SOA) [He and Tang 2013, …]

- Instead of stratifying t-dimensions, stratify all dimensions ≤ t
- (t, m, s)-nets and SOA equivalency
- (t, s)-sequences for progressive OA generation?
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Orthogonal array sampling for Monte Carlo rendering

for (uint i = 0; i < numX; i++) 
for (uint j = 0; j < numY; j++) 
{ 

samples(i,j).x = (i + 0.5)/numX; 
samples(i,j).y = (j + 0.5)/numY; 

}
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Orthogonal array sampling for Monte Carlo rendering

for (uint i = 0; i < numX; i++) 
for (uint j = 0; j < numY; j++) 
{ 

samples(i,j).x = (i          )/numX; 
samples(i,j).y = (j          )/numY; 

}

               Sampling

�81
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Spatial domain Fourier domain
Jittered Sampling [Cook 86]
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Latin Hypercube (N-Rooks) Sampling

�84Orthogonal array sampling for Monte Carlo rendering Image source: Michael Maggs, CC BY-SA 2.5

[McKay et al. 79] 
[Shirley 91]

https://commons.wikimedia.org/w/index.php?curid=3318748
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Orthogonal array sampling for Monte Carlo rendering
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Orthogonal array sampling for Monte Carlo rendering

// initialize the diagonal 
for (uint d = 0; d < numDimensions; d++) 

for (uint i = 0; i < numS; i++) 
samples(d,i) = (i + randf())/numS; 

// shuffle each dimension independently 
for (uint d = 0; d < numDimensions; d++) 

shuffle(samples(d,:));
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Orthogonal array sampling for Monte Carlo rendering

Latin Hypercube (N-Rooks) Sampling
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// initialize the diagonal 
for (uint d = 0; d < numDimensions; d++) 
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Spatial domain Fourier domain
Correlated MJ Sampling [Kensler 13]
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✘ Structured artifacts
High-dimensional Sobol sampler

PBRT
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