ORTHOGONAL ARRAY SAMPLING
FOR MONTE CARLO RENDERING

(a) Jittered 2D prOJectlons (b) Multi-Jittered 2D prOJectlons (c) (Correlated) Multi-Jittered 2D projections
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Rendering = high-dimensional integration
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Independent random sampling
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Independent random sampling

1 &
FN:NZf)
=1

X Big gaps & clumps
X Slow convergence:
Variance = O(N-1)



[Cook 86]

Jittered sampling
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Jittered sampling



Monte Carlo (16 random samples)




Monte Carlo (16 stratified samples)




Monte Carlo (16 stratified samples)

v/ Provably reduces variance

X But only practical in low dimensions (1-2D




[Chiu et al. 94; Kensler 13] [Sobol 67; Kollig & Keller 02]

Multi-Jittered (0,2) sequence
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Multi-Jittered
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Multi-Jittered

[Sobol 67; Kollig & Keller 02]
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f Correlated sampling zoo
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f Correlated sampling zoo

Stratification-based
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f Correlated sampling zoo
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Correlated sampling zoo

Stratification-based Quasi-MC/ quency- based/
low-discrepancy  “blue-noise”

See recent STAR [SOA*19]
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f Correlated sampling zoo
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See recent STAR [SOA*19]
X Don’t generalize efficiently beyond 2D
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f Correlated sampling zoo

Stratification-based Quasi-MC/
low-discrepancy

See recent STAR [SOA*19]
X Don’t generalize efficiently beyond 2D

High dimensional samples?

Frequency-base
“blue-noise”
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"Padding” 2D point sets
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I "Padding” 2D point sets
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I "Padding” 2D point sets

[T
y | Permuted CMJ samples
l [Kensler 13]
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TR ~“| Permuted CMJ samples
1 [Kensler 13]
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I "Padding” 2D point sets

TR ~“| Permuted CMJ samples
1 [Kensler 13]
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I "Padding” 2D point sets
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I "Padding” 2D point sets
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I "Padding” 2D point sets
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I "Padding” 2D point sets

T
| Permuted CMJ samples T
“«-1 [Kensler 13] : !
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I "Padding” 2D point sets

-1 Permuted CMJ samples rj' XORed + permutec
FERE [Kensler 13] T (,2) seq.
Do : [Kollig & Keller 02]




I Ours: stratifies all 1D and 2D projections

All 2D projections are i
(correlated) multi-jittered 7
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} Contributions
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} Contributions

Import/apply Orthogonal Arrays to rendering

V/ g I_-I Orthogonal array sampling for Monte Carlo rendering
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} Contributions

- Classic technique (1930s) tfrom statistics/experimental design

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 22



} Contributions

- A precursor to quasi-Monte Carlo

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering
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} Contributions

v Natively creates stratitied, higher-dimensional points

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering
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} Contributions

Show how to make these fast and practical for rendering

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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} Contributions

Provide a sort of Rosetta Stone to this literature

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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Background on
orthogonal arrays
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IAn experiment plan

runs: 0 1 2 3 4 5 6
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IAn experiment plan

s discrete levels
0, ..., s-1}

ol
A

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering
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IAn experiment plan

s discrete levels

0, ..., s-1} runs: 0 1 2 3 5 6
1 —o0 0 0 0 1 1 2
= 7»
. =6& 0 1 2 0 2 0
) — 1 2o
8 0 1 2 1 0 2
o —2 0 1 2 2 1 1

V/ g I_-I Orthogonal array sampling for Monte Carlo rendering
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IAn experiment plan

X Testing all combinations of factors is expensive: N = s4 = 81

runs: 0 1 2 3 4 5 6 S0
0 0 0 1 1 1 2 2

L
g6 01 2 0 1 2 0 2
& 0 1 2 1 2 0 2 1
© 0 1 2 2 0 1 1 0

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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IAn experiment plan

X Testing all combinations of factors is expensive: N = s4 = 81

- What it we consider at most 2-way interactions?

runs: 0 1 2 3 4 5 6 80
o 0 O 1 1 1 2 y)

0 p]
g6 01 2 0 1 2 0 ,
&@® 0 1 2 1 2 0 2 1
®©@ 0o 1 2 2 0 1 1 0

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

runss: 0 1 2 3 4 5 6 7 8
o 0 0 1 1 1 2 2 2

2
§6 0 1.2 0 1 2 0 1 2
&® 0 1 2 1 2 0 2 0 1
© 0 1 2 2 0 1 1 2 0

V/ g I_-I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

Every combination of levels in these t = 2 factors is tested.

runs:
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factors
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I Orthogonal arrays (OAs)
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I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

Every combination of levels in these t = 2 factors is tested.

And these too.

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering

10,0},

s2=9 possible
combinations
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I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

Every combination of levels in these t = 2 factors is tested.

s2=9 possible

runss 0 1 2 3 4 5 6 7 8
o 0 0 1 1 1 2 2 2

2
8§86 0 1 2 0 1 2 0 1 2
&® 0o 1 2 1 2 0 2 0 1
© 0 1 2 2 0 1 1 2 0

Yes, these too.

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering

10,0},

combinations
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I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

Every combination of levels in any t = 2 factors is tested.

s2=9 possible
combinations

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 32



I Orthogonal arrays (OAs)

A strength t = 2 OA considers all 2-way interactions

Every combination of levels in any t = 2 factors is tested.

runs: 0 1 2 3 4 5 6 7 8
o 0 0 1 1 1 2 2 2

L

§6 0 1.2 0 1 2 0 1 2

&® 0 1 2 1 2 0 2 0 1

@ 0 1 2 2 0 1 1 2 0

Now we only need st = 32 =9 runs (for s = 3 levels at strength t = 2)!

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (OAs)

runs: 0 1 2 3 4 5 6 7 8
o 0 0 1 1 1 2 2 2

L
§6 0 1.2 0 1 2 0 1 2
&® 0 1 2 1 2 0 2 0 1
© 0 1 2 2 0 1 1 2 0

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (OAs)

runs: 0 1 2 3 4 5 6 7 8
x 0 0 0 1 1 1 2 2 2
Sy 0 1 2 0 1 2 0 1 2
sgw 0 1 2 1 2 0 2 0 1
v: 0 1 2 2 0 1 1 2 0

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (graphically)

| evel of factor x

0 1 2
runs: 0 1 2 3 4 5 6 7 8 =
NEK 0 1 1 1 2 2 2 o 2
Sly 001 2 0 1 0 1 2 O
S i
A H—’]
O
O
>
10
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I Orthogonal arrays (graphically)

| evel of factor x

0 1 2
runs: 0 1 2 3 4 5 6 7 8 =
NE 0| (0] (1] (1) (1] [2) [2] [2 o 2
=y 1/ (2] |o] (1] 2] o) 1] |2 O
: ke
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O
O
>
10
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I Orthogonal arrays (graphically)

| evel of factor u

0 1 2
runs: 0 1 2 3 4 5 6 7 8 =
< D
. O
e S
Efy] 0 1 2 01 2 0 1 2 O
Slwl 0 1 2 1 2 0 2 0 1 o
O
K
1
10

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (graphically)

| evel of factor u

0 1 2
runs: 0 1 2 3 4 5 6 7 8 =
< D
. O
e =
z (v 1) (2) (o) (1) (2] (0) (1) 2 O
S 112 11] 121 lol |2 o |1 o
O
K
1
10

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering
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I Orthogonal arrays (graphically)

runs: 0 1 2 3 4 5 6 7 8 | evel of factor u
0 1 2
0 p]
3 [v: 1] (2] (o] (1) (2] (0] [1] (2 ~
< | u: 1 {2 (11210 1210/ |1 — 2
S O
4
@,
qV)
°® o @ +
This OA encodes nine 4D points, 1
O
1
10

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering

38



I Orthogonal arrays (graphically)

runs: 0 1 2 3 4 5 6 7 8 L evel of factor u
) 0 1 2
5 [ 1) (2] (0] (1) (2] (0] (1] [2 ~
& | 1) (2)|1)12)10) 12 (0] (1 S 2
)
O
(O
® ® +
This OA encodes nine 4D points, 1
which project to a regular 3 x 3 grid T>)
when plotting any pair of dimensions. @ |,

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering
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[Owen 92]

I Monte Carlo using OAs

runs: 0 1 2 3 4 5 6 7 8

1O u 1
o
& | 1) (2] 1) 12) 1012 0) (1
This OA encodes nine 4D points, =
which project to a reqular 3 x 3 grid
when plotting any pair of dimensions.
Rescale to [0,1) by dividing by s 04 1

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering 39



I Monte Carlo using OAs

runs: 0 1 2 3 4 5 6 7 8
¢ p

S |y: 1) |{2] |0 |[1][2] [0 [1] |2
& | 1) (2] 1) 12) 1012 0) (1

This OA encodes nine 4D points,

which project to a jittered 3 x 3 grid
when plotting any pair of dimensions.

v Add random oftset per stratum

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering

[Owen 92]
OA-based jitterea

Jittered projections
0 ) 1

40



[Owen 92]

I MOnte Ca rlo USing OAS OA-based jittered

runs: 0 1 2 3 4 5 6 7 8 Jittered projections

£ (v 1) (2) (0] (1] [2) (0] (1) 2
& | 1) (2] 1) 12) 1012 0) (1

This OA encodes nine 4D points,

which project to a jittered 3 x 3 grid
when plotting any pair of dimensions.

X But not uniform in nD

V/ f; |_'I Orthogonal array sampling for Monte Carlo rendering 41



[Owen 92]

I MOnte Ca rlo USing OAS OA-based jittered

runs: 0 1 2 3 4 5 6 7 8 Jittered projections

S|y [2] 0] [0 [T |2]|1][2]]1
Eu:l 2011 10| 10f 1] 2] |2

a4

Oors

This OA encodes nine 4D points,

which project to a jittered 3 x 3 grid
when plotting any pair of dimensions.

v Permute levels in each dimension

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering 42



[Tang 93]
I MOnte Ca rIO using OAS OA-based Latin hypearc%bes

funs: 0 1 2 3 4 5 6 7 8 jittered projections

1O u 1
5 (v (2] (0] [0] (1] (2] (1] [2] [1
&l (1) (2) (1) 10)10) 1) 2] (2
This OA encodes nine 4D points, =
which project to a jittered 3 x 3
grid when plotting any pair of dimensions.
0
0 1

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 43



[Tang 93]
I MOnte Ca rIO using OAS OA-based Latin hypearc%bes

funs: 0 1 2 3 4 5 6 7 8 jittered projections

1O u 1
5[y [2] [0] (0] (1] (2] (1] (2] [1
&l (1) (2) (1) 10)10) 1) 2] (2
This OA encodes nine 4D points, =
which project to a jittered 3 x 3
grid when plotting any pair of dimensions.
v/ Arrange points to fall in sub-strata 0¢ 1

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 43



[Tang 93]
I MOnte Ca rIO using OAS OA-based Latin hypearc%bes

uns: 0 1 2 3 4 5 6 7 8  Multiqjittered projections

1O U 1
5[y [2] [0] (0] (1] (2] (1] (2] [1
&l (1) (2) (1) 10)10) 1) 2] (2
This OA encodes nine 4D points, =
which project to a multi-jittered 3 x 3
grid when plotting any pair of dimensions.
v/ Arrange points to fall in sub-strata 0¢ 1

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 44



§ OK, but how do we construct these?

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering
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§ OK, but how do we construct these?
Strength t =1 OA:s:

- Trivial to construct:

runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
5 %0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Sy 0 2 3 45 6 7 8 9 10 11 12 13 14 15
gu 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15

v: 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering



§ OK, but how do we construct these?

X
Strength t =1 OAs:
- Trivial to construct:
runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
chx:O 1(12113114115(l6/1718119/|(10//11|/12|{13||14||15
Sy:l0)l1)(2)(3)l4)l5)l6)7)(8)19) 10 l11) [12) |13/ (14 (15
o u: 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
& Yy
v: 0O 2 3 4 5 6 7 8 9 10 11 12 13 14 15
initial OA

V/ g I_-I Orthogonal array sampling for Monte Carlo rendering




§ OK, but how do we construct these?

X
Strength t =1 OAs:
- Trivial to construct:
runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
x 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Sy 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
& u 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 y
e
v: 0 2 3 4 5 6 7 8 9 10 12 13 14 15
- Stratify all 1D projections
initial OA

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering




§ OK, but how do we construct these?

X

Strength t =1 OA:s:

- Trivial to construct:

runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

L,x{12 8 1 14 2 10 0 5 4 11 3 13 2 15 7 9 L)

Sy:0 1 2 3 4 6 7 8 9 10 11 12 13 14 15

gwo0 1 2 3 45 6 7 8 9 1011 12 13 14 15 y
v:0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

- Stratify all 1D projections

- Permute levels

permute x-levels

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering




§ OK, but how do we construct these?

X

Strength t =1 OA:s:

- Trivial to construct:

runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

L,x{12 8 1 14 2 10 0 5 4 11 3 13 2 15 7 9 L)

Sy:0 1 2 3 4 6 7 8 9 10 11 12 13 14 15

gwo0 1 2 3 45 6 7 8 9 1011 12 13 14 15 y
v:0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

- Stratify all 1D projections

- Permute levels

permute x-levels
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§ OK, but how do we construct these?

X

Strength t =1 OA:s:

- Trivial to construct:

runs: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

L,x12 8 1 14 2 10 0 5 4 11 3 13 2 15 7 9

Sy:0 1 2 3 4 6 7 8 9 10 11 12 13 14 15

gwo0 1 2 3 45 6 7 8 9 1011 12 13 14 15 y
v:0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

- Stratify all 1D projections

- Permute levels

- Latin hypercube sampling (LHS)

Uniformly distributed in xy
V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering 47



§ OK, but how do we construct these?

What about t > 27

- Generalization of LHS

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering



§ OK, but how do we construct these?

What about t > 27

- Generalization of LHS

- Proofs: tor what values of N, s, d, t does an OA exist?
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§ OK, but how do we construct these?

What about t > 27

- Generalization of LHS

- Proofs: tor what values of N, s, d, t does an OA exist?
- pbut little emphasis on constructing them quickly

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering



} Contributions

Import/enhance 2 existing, and introduce 1 novel method
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} Contributions

Import/enhance 2 existing, and introduce 1 novel method

- make them fast
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} Contributions

Import/enhance 2 existing, and introduce 1 novel method
- make them fast

- generate samples and dimensions on-demand
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} Contributions

Import/enhance 2 existing, and introduce 1 novel method
- make them fast
- generate samples and dimensions on-demand

- no need to compute entire array; no precomputation

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering 49



l Constructions

Bose [1938] (t =2):
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l Constructions

Bose [1938] (t =2):
- stratifies all 2D projections [Owe92],
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l Constructions

Bose [1938] (t =2):
- stratifies all 2D projections [Owe92],
- 1D projections [Tan?3], and
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l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]
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§ Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime
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l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering

50



l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):
- stratifies all tD [Owe%2] + 1D projections [Tan93]

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering

50



l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):
- stratifies all tD [Owe%2] + 1D projections [Tan93]

- N=stand d =swheresis any prime

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering

50



l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):
- stratifies all tD [Owe%2] + 1D projections [Tan93]

- N=stand d =swheresis any prime

High dimensional CMJ (t = 2):

V/ i‘ I_-I Orthogonal array sampling for Monte Carlo rendering

50



l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):
- stratifies all tD [Owe%2] + 1D projections [Tan93]

- N=stand d =swheresis any prime

High dimensional CMJ (t = 2):

- stratifies all tD + 1D projections + correlated [Ken13]

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering

50



l Constructions

Bose [1938] (t =2):

- stratifies all 2D projections [Owe92],
- 1D projections [Tan93], and

- correlated offsets [Ken13]

- N=s2and d =s+1 where s is any prime

Bush [1952] (£ > 2):
- stratifies all tD [Owe%2] + 1D projections [Tan93]

- N=stand d =swheresis any prime

High dimensional CMJ (t = 2):
- stratifies all tD + 1D projections + correlated [Ken13]

- s is any positive integer; num samples N = st and max dimension d =t

V/ f: I_-I Orthogonal array sampling for Monte Carlo rendering

50



Bose [1938] construction:
Ajp = |i/s]
Ail —imod s
Ajj=Ajp+(j—1)A;; mod s



1 float boseOA(int i, // sample index

2 int j, // dimension (< s+1)

3 int s, // number of levels/strata

4 int p) { // pseudo-random permutation seed

5 int Aij, Aik;

6 int Ai0 =1/ s;

7 int Ail =1 % S;

. (i\i}‘ e Bose [1938] construction:
10 Aik = Ail; Ajp = [i/s]

11 boelse if (j ==1) { Aj1 =imod s
12 Al] = Ail, .
13 Aik = AiO; Aij=Ajp+ (j—1)A;; mod s
14 } else {

15 int Kk = (j %$2) 7?7 j-1: j+1;

16 Aij = (Ai® + (j-1) * Ail) % s;

17 Aik = (Ai0 + (k-1) * Ail) % s;

18 }

19 int stratum = permute(Ai1j, s, p * J * 0x51633e2d);
20 int subStratum = permute(Aik, s, p * j * 0x68bc2leb);
21 float jitter = randfloat(1, p * J * 0x02e5be93);
22 return (stratum + (subStratum + jitter) / s) / s;

23 '}
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X Strength t OAs provide no stratification beyond tD

- Asymptotically no better than random when integrand d > ¢

. Nested orthogonal arrays [He and Qian 2011, ...]
. Strong orthogonal arrays (SOA) [He and Tang 2013, ...]

- Instead of stratifying t-dimensions, stratity all dimensions < ¢
- (t, m, s)-nets and SOA equivalency

- (t, s)-sequences tor progressive OA generation?
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IReguIar Sampling

for (uint 1 = 0; 1 < numX; 1++)
for (uint 7 = 0; j < numY; j++)
{

samples(i,j).x = (1 + 0.5)/r

samples(i,j).y = (J + 0.5)/r
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I Jittered Sampling [Cook 86]

for (uint 1 = 0; 1 < numX; 1++)
for (uint J = 0; J < numY; Jj++)
{

(1 + randf())/numX;
(7 + randf())/numY;

samples(i,]) .X
samples(i,]) .V

V/ g |_'I Orthogonal array sampling for Monte Carlo rendering 81



[Cook 86]
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Spatial domain Fourier domain




Independent Random Sampling
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I Latin Hypercube (N-Rooks) Sampling

[McKay et al. 79]
[Shirley 91]

V/ ¢ |_'I Orthogonal array sampling for Monte Carlo rendering Image source: Michael Maggs, CCBY-SA2.5 84
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[Chiu et al. 94]
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Spatial domain Fourier domain
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Spatial domain Fourier domain
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[Cook 86]
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e Correlated MJ Sampling
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I Limitations/Future work

Sample count: N = pt where t is strength, and p is prime
- Galois/finite fields
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I High-dimensional QMC (Sobol, Halton)

X Higher dimensions rarely as well-stratified as first two
- Sobol:

dimension 6
dimension 7
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[Owen 92]

I Monte Carlo using OAs

L evel of factor u
0 1 2

N

—_—

L evel of factor y

-

V/ f: |_'I Orthogonal array sampling for Monte Carlo rendering 134



[Owen 92]

I Monte Carlo using OAs

If Aijdenotes jth factor in ith run Live\ of1fac:tor2u

(7t dimension of ith point), then: -
= 2
)
@,
o
——
=
O
O
D
10
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[Owen 92]

I Monte Carlo using OAs

It A;jdenotes jth factor in ith run

(7t dimension of ith point), then: 1 “
A;i + 0.5
X;j = — c 0,1)°
i =
0 1
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| Owen 92

I Monte Carlo using OAs OA-based jitterec
If A;jdenotes jth factor in ith run Jittered iampling
(7t dimension of ith point), then: 1

Xij — 61] S~ [O,l)d
i =
0 1
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| Owen 92

d Monte Carlo using OAs OA-based jittered

It A;jdenotes jth factor in ith run Jittered sampling

(7t dimension of ith point), then:

Kij = J - Ci S

0,1)"
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| Owen 92

d Monte Carlo using OAs OA-based jittered

It A;jdenotes jth factor in ith run Jittered sampling

(7t dimension of ith point), then:

Xﬁ(%ﬂL Ci c |0, 1)d

different pseudo-random permutation
of s levels for each dimensionj
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[Owen 92]

I MOnte Ca rlo USing OAS OA-based jittered

Jittered sampling

If A;jdenotes jth factor in ith run
(7t dimension of ith point), then:

X i (Aij) + G :

d
ij — S 0,1)
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