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Motivation
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“Forward” Deformations
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Undeformed Space Deformed Space

x̂
<latexit sha1_base64="CC/N4TG92k5yjxZdUAoEdTJRm2g="></latexit>

x
<latexit sha1_base64="QUvUYaDfHHBsvcbzyT61mHOIaq4="></latexit>

D(x̂)
<latexit sha1_base64="RVlpUKvxWTz+bhr5UQ2dp0/bJxM="></latexit>
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Implicit Surface Representations
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S(x)
<latexit sha1_base64="7kE8joZLxL14bLSvLB0pUPlB2rE="></latexit>

S(x) = kx� ck � r
<latexit sha1_base64="3vkjxJC/ZSfvAv64Kv/Ejhceluc="></latexit>

{

S(x) = kx� ck � r = 0
<latexit sha1_base64="dRG2ug96cSQ3UIKdYyvrXpcCKRE="></latexit>
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Implicit Surface Deformation
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D(x̂)
<latexit sha1_base64="RVlpUKvxWTz+bhr5UQ2dp0/bJxM="></latexit>

Deformed Space

S(x) = kx� ck � r
<latexit sha1_base64="3vkjxJC/ZSfvAv64Kv/Ejhceluc="></latexit>

{

Undeformed Space

?
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Problem Statement

9

Use conventional deformation 
techniques to directly render 
deformed implicit surfaces
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Conversion to Explicit Representation
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Conversion to Explicit Representation
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Increasing the resolution helps, but…

12

Ground Truth 128x128x128 256x256x256 512x512x512
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Costly and still full of artifacts!

13

☹ 
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• Data Structure for Soft Objects [Wyvill et al. 1986] 
➡Marching Cubes [Lorensen et al. 1987] 
• Dual Contouring [Ju et al. 2002] 
• …

Conversion to Explicit Representation

14
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Problem Statement — Solved?

15

Use conventional deformation 
techniques to directly render 
deformed implicit surfaces✘ 

✓ 



 
Implicit Surface Rendering
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x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>

Sphere Tracing [Hart1996]

S(x)
<latexit sha1_base64="7kE8joZLxL14bLSvLB0pUPlB2rE="></latexit>
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x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>

Sphere Tracing [Hart1996]

S(x)
<latexit sha1_base64="7kE8joZLxL14bLSvLB0pUPlB2rE="></latexit>
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S(x) < ✏
<latexit sha1_base64="j8TxBPpUlWrfo08+begEgzrfkAQ="></latexit>

✓ Fairly General 
✓ Fast 
✓ Low Error

Sphere Tracing [Hart1996]

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>
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Sphere Tracing - Deformation
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x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit> D(x̂)

<latexit sha1_base64="RVlpUKvxWTz+bhr5UQ2dp0/bJxM="></latexit>

S(D(x̂))?
<latexit sha1_base64="iPyL9WliU6AaQT0QOKMzx7RODbU="></latexit>
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Sphere Tracing - Deformation
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x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>
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Sampling in Undeformed Space
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x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>

Deformed Space
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Sampling in Undeformed Space
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

S(x̂)
<latexit sha1_base64="XeCfI0/JZLCABzprJ192GBXCbYs="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit> S(x̂)

<latexit sha1_base64="XeCfI0/JZLCABzprJ192GBXCbYs="></latexit>

Sampling in Undeformed Space
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit> S(x̂)

<latexit sha1_base64="XeCfI0/JZLCABzprJ192GBXCbYs="></latexit>

Issue #1: Remapping the Distance
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Issue #2: Non Invertible Deformations
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Undeformed Space Deformed Space

x̂
<latexit sha1_base64="CC/N4TG92k5yjxZdUAoEdTJRm2g="></latexit>

x
<latexit sha1_base64="QUvUYaDfHHBsvcbzyT61mHOIaq4="></latexit>

?

?
D�1(x)

<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

D(x̂)
<latexit sha1_base64="RVlpUKvxWTz+bhr5UQ2dp0/bJxM="></latexit>
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Problem Statement — Solved?

27

Use conventional deformation 
techniques to directly render 
deformed implicit surfaces

✘ 
✓ 



Non-linear Sphere Tracing 
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit> S(x̂)

<latexit sha1_base64="XeCfI0/JZLCABzprJ192GBXCbYs="></latexit>

The distance isn’t valid here…

✘ 
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But it is here!
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

S(x̂)
<latexit sha1_base64="XeCfI0/JZLCABzprJ192GBXCbYs="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>

✓ 
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Idea: Trace in Undeformed Space
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Undeformed Space Deformed Space

D�1(x)
<latexit sha1_base64="J2EdzWAiAJpMaWLJREiHdmTAmkI="></latexit>

x
<latexit sha1_base64="2Z33H3701/9XCY4q5IS19xFSUvU="></latexit>
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Undeformed Space Deformed Space

What is the deformed ray equation?

x(s) = p+ s!
<latexit sha1_base64="KvOuRc+j8LOs+fIP7CUyfzClFAM="></latexit>

x̂(s) = ?
<latexit sha1_base64="826q7uadYtf3+7v0fMf5l5K7lNw="></latexit>
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Undeformed Space Deformed Space

Line integrals to the rescue!

x̂(s) = ?
<latexit sha1_base64="826q7uadYtf3+7v0fMf5l5K7lNw="></latexit>

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>



Non-linear sphere tracing for rendering deformed signed distance fields 34Non-linear sphere tracing for rendering deformed signed distance fields

Undeformed Space Deformed Space

Line integrals to the rescue!

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>

x̂(s) = p̂+

Z s

0
!̂ dt

<latexit sha1_base64="5cMZ380yydWj5rsoDRmngXvbIhI="></latexit>
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Undeformed Space Deformed Space

Line integrals to the rescue!

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>

x̂(s) = p̂+

Z s

0
!̂ dt

<latexit sha1_base64="5cMZ380yydWj5rsoDRmngXvbIhI="></latexit>
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Undeformed Space Deformed Space

Finding the Tangent

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>

x̂(s) = p̂+

Z s

0
!̂(x̂) dt

<latexit sha1_base64="K7/geQgIyQar4wAOYP6hkomr9XU="></latexit>

!̂(x̂)
<latexit sha1_base64="oGYOElyNbXc+5ecwuiImfQLA4HA="></latexit>
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Undeformed Space Deformed Space

Finding the Tangent

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>

!̂(x̂) = ?!
<latexit sha1_base64="MZLA4nOWJAGBjOaPZNR3vw4b2mA="></latexit>

x̂(s) = p̂+

Z s

0
!̂(x̂) dt

<latexit sha1_base64="K7/geQgIyQar4wAOYP6hkomr9XU="></latexit>
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Undeformed Space Deformed Space

Finding the Tangent

x(s) = p+

Z s

0
! dt

<latexit sha1_base64="FrKPagjXn4jW7bcuAn+5+B+L/9U="></latexit>

!̂(x̂) = J�1
D (x̂)!

<latexit sha1_base64="b/ckqEyhHOBGc6MXwgI1ESGXB2g="></latexit>

x̂(s) = p̂+

Z s

0
!̂(x̂) dt

<latexit sha1_base64="K7/geQgIyQar4wAOYP6hkomr9XU="></latexit>
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Undeformed Space

Numerical Integration
x̂(s) = p̂+

Z s

0
!̂(x̂) dt

<latexit sha1_base64="K7/geQgIyQar4wAOYP6hkomr9XU="></latexit>
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Undeformed Space

Non-linear Sphere Tracing

✓ Fast 
✘ Inaccurate
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Undeformed Space

Non-linear Sphere Tracing

✓ Accurate 
✘ SlowConflict!

Sphere Tracing 
Speed

Integration 
Accuracy
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Undeformed Space

Taking Substeps

S(x̂)
<latexit sha1_base64="/zF4LukbZulrIlT42/igtC1+MPQ="></latexit>

Substeps
Full Steps✓ Fast 

✓ Accurate
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Integration — Summary

x̂(s) = p̂+

Z s

0
!̂ dt

<latexit sha1_base64="5cMZ380yydWj5rsoDRmngXvbIhI="></latexit> ✓ 
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Integration — Summary

x̂(s) = p̂+

Z s

0
!̂ dt

<latexit sha1_base64="5cMZ380yydWj5rsoDRmngXvbIhI="></latexit> ✓ 
p̂ = D�1(p)

<latexit sha1_base64="VlLkgd5w4IqVUwHh9U+berMcDwk="></latexit>

☹ 
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Deformed SpaceUndeformed Space

Finding the Start Point

45
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Deformed SpaceUndeformed Space

Finding the Start Point
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Deformed SpaceUndeformed Space

Subdividing the Hull

47



Non-linear sphere tracing for rendering deformed signed distance fields

Problem Statement - Solved!

48

Use conventional deformation 
techniques to directly render 
deformed implicit surfaces

✓ 
✓ 



Results



Regularized Kelvinlets, Fernando de Goes and Doug L. James





Non-linear sphere tracing for rendering deformed signed distance fields

Linear Blend Skinning
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Limitations

54

• Geometry: Signed distance function 
• Deformation: Locally foldover free

✓ 
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Future Work

55

• Generalize to all implicit surfaces
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Future Work

56

• Generalize to all implicit surfaces 
• Support cheap layering of deformations

Undeformed FFD FFD + Kelvinlet
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Future Work

57

• Generalize to all implicit surfaces 
• Support cheap layering of deformations 
• Evaluate deformed SDF S(D(x̂))?

<latexit sha1_base64="iPyL9WliU6AaQT0QOKMzx7RODbU="></latexit>
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Integration — Comparison
384

0

(a) (b) (c) (d)
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384
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Reference Sphere Trace Reduced 

Stepsize
Ours



Non-linear sphere tracing for rendering deformed signed distance fields

Hull Subdivision — Results

No Hull Subdivision With Adaptive Subdivision

60

No Hull Subdivision With Adaptive SubdivisionNo Subdivision With Subdivision
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Results - Error Control

Max Error

Normalized Render Time

Threshold

Mean Error

Error in World Units Render Time / Mean Render Time

Error Threshold

61



Non-linear sphere tracing for rendering deformed signed distance fields



Non-linear sphere tracing for rendering deformed signed distance fields


