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1. New derivation 
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p (ȳ)p (x̄)

<latexit sha1_base64="l1+cxmhbYFdS1cL95w8t2LvKMcw="></latexit>

0 probability



I =

Z
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<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

t1
<latexit sha1_base64="Ht0QMl7ilXRytrJRZ3qKeBaPGFs=">AAACRnicbVDLSgNBEOyN7/iKevSyGAUvhmwi6jHoxaOiUUGXMDvpJIOzM8tMrxoWP8Gr/pK/4E94E69ONiIm2tBQVHXT1RUlUliqVt+8wsTk1PTM7FxxfmFxabm0snphdWo4NrmW2lxFzKIUCpskSOJVYpDFkcTL6PZooF/eobFCq3PqJxjGrKtER3BGjjqjVtAqlauVal7+XxB8g3JjE/I6aa14OzdtzdMYFXHJrL2u7yUUZsyQ4BIfizepxYTxW9bFawcVi9GGWe710d9yTNvvaONakZ+zvzcyFlvbjyM3GTPq2XFtQP6rSRGhc6DQqT941At1DsJMqCQlVHxopZNKn7Q/iMZvC4OcZN8Bxo1w3/i8xwzj5AIcuTW4TlpLO/rsz9kwU3hPD7nXogs4GI/zL7ioVYJ6pXa6W24cDpOGWViHDdiGAPahAcdwAk3g0IUneIYX79V79z68z+FowfveWYORKsAXzgSyjQ==</latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

t2
<latexit sha1_base64="8vD/VB//IS+arv9G59ooM1sIl6I=">AAACRnicbVDLSgNBEOyNrxhfUY9eFqPgxZCHqMegF48RjRF0CbOTThycnVlmetWw+Ale9Zf8BX/Cm3h1sgli1IaGoqqbrq4wlsJSpfLm5aamZ2bn8vOFhcWl5ZXi6tqF1Ynh2OJaanMZMotSKGyRIImXsUEWhRLb4e3xUG/fobFCq3MaxBhErK9ET3BGjjqjTq1TLFXKlaz8v6A6BqXGFmTV7Kx6u9ddzZMIFXHJrL2q78cUpMyQ4BIfC9eJxZjxW9bHKwcVi9AGaeb10d92TNfvaeNakZ+xPzdSFlk7iEI3GTG6sb+1IfmvJkWIzoFCp37jSS/UOwxSoeKEUPGRlV4ifdL+MBq/KwxykgMHGDfCfePzG2YYJxfgxK3hddJa2slnv88GqcJ7esi8FlzA1d9x/gUXtXK1Xq6d7pUaR6OkIQ8bsAk7UIUDaMAJNKEFHPrwBM/w4r16796H9zkazXnjnXWYqBx8Ac/kso4=</latexit>

(�2,�2)

<latexit sha1_base64="pj8wch35aYCOf/rU9NXHh6xyu80=">AAACVnicbVBNS8NAEJ3E7/rV6tFLsAoKWtoq6rHoxaOCVcGGsNlO7eJmN+xO1BL8KV71L+mfEbepiFUHBh7vzTBvXpxKYalef/f8icmp6ZnZudL8wuLScrmycml1Zji2uZbaXMfMohQK2yRI4nVqkCWxxKv47mSoX92jsUKrCxqkGCbsVome4IwcFZUrW520L6LmTof6SCxqbkflar1WLyr4CxpfoNragKLOooq32+lqniWoiEtm7c3eQUphzgwJLvGp1MkspozfsVu8cVCxBG2YF96fgk3HdIOeNq4VBQX7cyNnibWDJHaTCaO+/a0NyX81KWJ0DhQ69RuPe6HeUZgLlWaEio+s9DIZkA6GUQVdYZCTHDjAuBHum4D3mWGcXKBjt4bXSWtpx5/9PhvmCh/osfBacgE3fsf5F1w2a429WvN8v9o6HiUNs7AG67AFDTiEFpzCGbSBwwM8wwu8em/ehz/lz4xGfe9rZxXGyi9/AgQhtfY=</latexit>

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

t1
<latexit sha1_base64="Ht0QMl7ilXRytrJRZ3qKeBaPGFs=">AAACRnicbVDLSgNBEOyN7/iKevSyGAUvhmwi6jHoxaOiUUGXMDvpJIOzM8tMrxoWP8Gr/pK/4E94E69ONiIm2tBQVHXT1RUlUliqVt+8wsTk1PTM7FxxfmFxabm0snphdWo4NrmW2lxFzKIUCpskSOJVYpDFkcTL6PZooF/eobFCq3PqJxjGrKtER3BGjjqjVtAqlauVal7+XxB8g3JjE/I6aa14OzdtzdMYFXHJrL2u7yUUZsyQ4BIfizepxYTxW9bFawcVi9GGWe710d9yTNvvaONakZ+zvzcyFlvbjyM3GTPq2XFtQP6rSRGhc6DQqT941At1DsJMqCQlVHxopZNKn7Q/iMZvC4OcZN8Bxo1w3/i8xwzj5AIcuTW4TlpLO/rsz9kwU3hPD7nXogs4GI/zL7ioVYJ6pXa6W24cDpOGWViHDdiGAPahAcdwAk3g0IUneIYX79V79z68z+FowfveWYORKsAXzgSyjQ==</latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Our approach

�36Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

t2
<latexit sha1_base64="8vD/VB//IS+arv9G59ooM1sIl6I=">AAACRnicbVDLSgNBEOyNrxhfUY9eFqPgxZCHqMegF48RjRF0CbOTThycnVlmetWw+Ale9Zf8BX/Cm3h1sgli1IaGoqqbrq4wlsJSpfLm5aamZ2bn8vOFhcWl5ZXi6tqF1Ynh2OJaanMZMotSKGyRIImXsUEWhRLb4e3xUG/fobFCq3MaxBhErK9ET3BGjjqjTq1TLFXKlaz8v6A6BqXGFmTV7Kx6u9ddzZMIFXHJrL2q78cUpMyQ4BIfC9eJxZjxW9bHKwcVi9AGaeb10d92TNfvaeNakZ+xPzdSFlk7iEI3GTG6sb+1IfmvJkWIzoFCp37jSS/UOwxSoeKEUPGRlV4ifdL+MBq/KwxykgMHGDfCfePzG2YYJxfgxK3hddJa2slnv88GqcJ7esi8FlzA1d9x/gUXtXK1Xq6d7pUaR6OkIQ8bsAk7UIUDaMAJNKEFHPrwBM/w4r16796H9zkazXnjnXWYqBx8Ac/kso4=</latexit>

(�2,�2)

<latexit sha1_base64="pj8wch35aYCOf/rU9NXHh6xyu80=">AAACVnicbVBNS8NAEJ3E7/rV6tFLsAoKWtoq6rHoxaOCVcGGsNlO7eJmN+xO1BL8KV71L+mfEbepiFUHBh7vzTBvXpxKYalef/f8icmp6ZnZudL8wuLScrmycml1Zji2uZbaXMfMohQK2yRI4nVqkCWxxKv47mSoX92jsUKrCxqkGCbsVome4IwcFZUrW520L6LmTof6SCxqbkflar1WLyr4CxpfoNragKLOooq32+lqniWoiEtm7c3eQUphzgwJLvGp1MkspozfsVu8cVCxBG2YF96fgk3HdIOeNq4VBQX7cyNnibWDJHaTCaO+/a0NyX81KWJ0DhQ69RuPe6HeUZgLlWaEio+s9DIZkA6GUQVdYZCTHDjAuBHum4D3mWGcXKBjt4bXSWtpx5/9PhvmCh/osfBacgE3fsf5F1w2a429WvN8v9o6HiUNs7AG67AFDTiEFpzCGbSBwwM8wwu8em/ehz/lz4xGfe9rZxXGyi9/AgQhtfY=</latexit>

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

t1
<latexit sha1_base64="Ht0QMl7ilXRytrJRZ3qKeBaPGFs=">AAACRnicbVDLSgNBEOyN7/iKevSyGAUvhmwi6jHoxaOiUUGXMDvpJIOzM8tMrxoWP8Gr/pK/4E94E69ONiIm2tBQVHXT1RUlUliqVt+8wsTk1PTM7FxxfmFxabm0snphdWo4NrmW2lxFzKIUCpskSOJVYpDFkcTL6PZooF/eobFCq3PqJxjGrKtER3BGjjqjVtAqlauVal7+XxB8g3JjE/I6aa14OzdtzdMYFXHJrL2u7yUUZsyQ4BIfizepxYTxW9bFawcVi9GGWe710d9yTNvvaONakZ+zvzcyFlvbjyM3GTPq2XFtQP6rSRGhc6DQqT941At1DsJMqCQlVHxopZNKn7Q/iMZvC4OcZN8Bxo1w3/i8xwzj5AIcuTW4TlpLO/rsz9kwU3hPD7nXogs4GI/zL7ioVYJ6pXa6W24cDpOGWViHDdiGAPahAcdwAk3g0IUneIYX79V79z68z+FowfveWYORKsAXzgSyjQ==</latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>
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t2
<latexit sha1_base64="8vD/VB//IS+arv9G59ooM1sIl6I=">AAACRnicbVDLSgNBEOyNrxhfUY9eFqPgxZCHqMegF48RjRF0CbOTThycnVlmetWw+Ale9Zf8BX/Cm3h1sgli1IaGoqqbrq4wlsJSpfLm5aamZ2bn8vOFhcWl5ZXi6tqF1Ynh2OJaanMZMotSKGyRIImXsUEWhRLb4e3xUG/fobFCq3MaxBhErK9ET3BGjjqjTq1TLFXKlaz8v6A6BqXGFmTV7Kx6u9ddzZMIFXHJrL2q78cUpMyQ4BIfC9eJxZjxW9bHKwcVi9AGaeb10d92TNfvaeNakZ+xPzdSFlk7iEI3GTG6sb+1IfmvJkWIzoFCp37jSS/UOwxSoeKEUPGRlV4ifdL+MBq/KwxykgMHGDfCfePzG2YYJxfgxK3hddJa2slnv88GqcJ7esi8FlzA1d9x/gUXtXK1Xq6d7pUaR6OkIQ8bsAk7UIUDaMAJNKEFHPrwBM/w4r16796H9zkazXnjnXWYqBx8Ac/kso4=</latexit>

(�2,�2)

<latexit sha1_base64="pj8wch35aYCOf/rU9NXHh6xyu80=">AAACVnicbVBNS8NAEJ3E7/rV6tFLsAoKWtoq6rHoxaOCVcGGsNlO7eJmN+xO1BL8KV71L+mfEbepiFUHBh7vzTBvXpxKYalef/f8icmp6ZnZudL8wuLScrmycml1Zji2uZbaXMfMohQK2yRI4nVqkCWxxKv47mSoX92jsUKrCxqkGCbsVome4IwcFZUrW520L6LmTof6SCxqbkflar1WLyr4CxpfoNragKLOooq32+lqniWoiEtm7c3eQUphzgwJLvGp1MkspozfsVu8cVCxBG2YF96fgk3HdIOeNq4VBQX7cyNnibWDJHaTCaO+/a0NyX81KWJ0DhQ69RuPe6HeUZgLlWaEio+s9DIZkA6GUQVdYZCTHDjAuBHum4D3mWGcXKBjt4bXSWtpx5/9PhvmCh/osfBacgE3fsf5F1w2a429WvN8v9o6HiUNs7AG67AFDTiEFpzCGbSBwwM8wwu8em/ehz/lz4xGfe9rZxXGyi9/AgQhtfY=</latexit>

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

t1
<latexit sha1_base64="Ht0QMl7ilXRytrJRZ3qKeBaPGFs=">AAACRnicbVDLSgNBEOyN7/iKevSyGAUvhmwi6jHoxaOiUUGXMDvpJIOzM8tMrxoWP8Gr/pK/4E94E69ONiIm2tBQVHXT1RUlUliqVt+8wsTk1PTM7FxxfmFxabm0snphdWo4NrmW2lxFzKIUCpskSOJVYpDFkcTL6PZooF/eobFCq3PqJxjGrKtER3BGjjqjVtAqlauVal7+XxB8g3JjE/I6aa14OzdtzdMYFXHJrL2u7yUUZsyQ4BIfizepxYTxW9bFawcVi9GGWe710d9yTNvvaONakZ+zvzcyFlvbjyM3GTPq2XFtQP6rSRGhc6DQqT941At1DsJMqCQlVHxopZNKn7Q/iMZvC4OcZN8Bxo1w3/i8xwzj5AIcuTW4TlpLO/rsz9kwU3hPD7nXogs4GI/zL7ioVYJ6pXa6W24cDpOGWViHDdiGAPahAcdwAk3g0IUneIYX79V79z68z+FowfveWYORKsAXzgSyjQ==</latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>
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�37Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�37Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�37Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit> x

<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>
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Variables:  

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Photon surfaces

�39Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>



s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Photon surfaces

�39Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

change-of-variables



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

change-of-variables

J
<latexit sha1_base64="/iT2JZ7dMmXSVwJ1rdcjJ4ZwZNI=">AAACTXicbVBNS8NAEJ3Ur1q/9eglWAUvllZFPRa9iKcKVkUbZLOd6OJmN+xO1BL6L7zqX/LsD/Em4iYVserAwOO9GebNCxMpLNXrr15pZHRsfKI8WZmanpmdm19YPLU6NRzbXEttzkNmUQqFbRIk8TwxyOJQ4ll4e5DrZ3dorNDqhHoJBjG7ViISnJGjLjoxo5swyo76V/PVeq1elP8XNL5AtbkKRbWuFryNTlfzNEZFXDJrL7d2EgoyZkhwif1KJ7WYMH7LrvHSQcVitEFWWO77a47p+pE2rhX5BftzI2Oxtb04dJO5Rftby8l/NSlCdA4UOvUbD3uhaC/IhEpSQsUHVqJU+qT9PCG/Kwxykj0HGDfCfePzG2YYJ5fj0K38Omkt7fCz32eDTOE9PRReKy7gxu84/4LTzVpjq7Z5vF1t7g+ShjIswwqsQwN2oQmH0II2cFDwCE/w7L14b9679zEYLXlfO0swVKWJT5qxtd8=</latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Z
� (x ,�)dxd� =

1
| � · n |

<latexit sha1_base64="UWTOtbtmprqYjxV9sQbJrxyuu5I="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

change-of-variables

J
<latexit sha1_base64="/iT2JZ7dMmXSVwJ1rdcjJ4ZwZNI=">AAACTXicbVBNS8NAEJ3Ur1q/9eglWAUvllZFPRa9iKcKVkUbZLOd6OJmN+xO1BL6L7zqX/LsD/Em4iYVserAwOO9GebNCxMpLNXrr15pZHRsfKI8WZmanpmdm19YPLU6NRzbXEttzkNmUQqFbRIk8TwxyOJQ4ll4e5DrZ3dorNDqhHoJBjG7ViISnJGjLjoxo5swyo76V/PVeq1elP8XNL5AtbkKRbWuFryNTlfzNEZFXDJrL7d2EgoyZkhwif1KJ7WYMH7LrvHSQcVitEFWWO77a47p+pE2rhX5BftzI2Oxtb04dJO5Rftby8l/NSlCdA4UOvUbD3uhaC/IhEpSQsUHVqJU+qT9PCG/Kwxykj0HGDfCfePzG2YYJ5fj0K38Omkt7fCz32eDTOE9PRReKy7gxu84/4LTzVpjq7Z5vF1t7g+ShjIswwqsQwN2oQmH0II2cFDwCE/w7L14b9679zEYLXlfO0swVKWJT5qxtd8=</latexit>



Photon surfaces

�40Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

�
<latexit sha1_base64="RuypapkjvvxBHVJupMa3sC6czco="></latexit>

n
<latexit sha1_base64="ZrTqh4TmiVI3E+kqCU0IGlmOaEU="></latexit>

Normal

Z
� (x ,�)dxd� =

1
| � · n |

<latexit sha1_base64="UWTOtbtmprqYjxV9sQbJrxyuu5I="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

y=x
<latexit sha1_base64="9sLbVtcrSXWpqVJkqgGwVmcfgxk="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

change-of-variables

J
<latexit sha1_base64="/iT2JZ7dMmXSVwJ1rdcjJ4ZwZNI=">AAACTXicbVBNS8NAEJ3Ur1q/9eglWAUvllZFPRa9iKcKVkUbZLOd6OJmN+xO1BL6L7zqX/LsD/Em4iYVserAwOO9GebNCxMpLNXrr15pZHRsfKI8WZmanpmdm19YPLU6NRzbXEttzkNmUQqFbRIk8TwxyOJQ4ll4e5DrZ3dorNDqhHoJBjG7ViISnJGjLjoxo5swyo76V/PVeq1elP8XNL5AtbkKRbWuFryNTlfzNEZFXDJrL7d2EgoyZkhwif1KJ7WYMH7LrvHSQcVitEFWWO77a47p+pE2rhX5BftzI2Oxtb04dJO5Rftby8l/NSlCdA4UOvUbD3uhaC/IhEpSQsUHVqJU+qT9PCG/Kwxykj0HGDfCfePzG2YYJ5fj0K38Omkt7fCz32eDTOE9PRReKy7gxu84/4LTzVpjq7Z5vF1t7g+ShjIswwqsQwN2oQmH0II2cFDwCE/w7L14b9679zEYLXlfO0swVKWJT5qxtd8=</latexit>



Photon surfaces

�41Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

(�2,�2)

<latexit sha1_base64="pj8wch35aYCOf/rU9NXHh6xyu80=">AAACVnicbVBNS8NAEJ3E7/rV6tFLsAoKWtoq6rHoxaOCVcGGsNlO7eJmN+xO1BL8KV71L+mfEbepiFUHBh7vzTBvXpxKYalef/f8icmp6ZnZudL8wuLScrmycml1Zji2uZbaXMfMohQK2yRI4nVqkCWxxKv47mSoX92jsUKrCxqkGCbsVome4IwcFZUrW520L6LmTof6SCxqbkflar1WLyr4CxpfoNragKLOooq32+lqniWoiEtm7c3eQUphzgwJLvGp1MkspozfsVu8cVCxBG2YF96fgk3HdIOeNq4VBQX7cyNnibWDJHaTCaO+/a0NyX81KWJ0DhQ69RuPe6HeUZgLlWaEio+s9DIZkA6GUQVdYZCTHDjAuBHum4D3mWGcXKBjt4bXSWtpx5/9PhvmCh/osfBacgE3fsf5F1w2a429WvN8v9o6HiUNs7AG67AFDTiEFpzCGbSBwwM8wwu8em/ehz/lz4xGfe9rZxXGyi9/AgQhtfY=</latexit>

(�1,�1)

<latexit sha1_base64="Ngio5Zn4ZTqh7KumjOiVlKbHe7s="></latexit>

t2
<latexit sha1_base64="8vD/VB//IS+arv9G59ooM1sIl6I=">AAACRnicbVDLSgNBEOyNrxhfUY9eFqPgxZCHqMegF48RjRF0CbOTThycnVlmetWw+Ale9Zf8BX/Cm3h1sgli1IaGoqqbrq4wlsJSpfLm5aamZ2bn8vOFhcWl5ZXi6tqF1Ynh2OJaanMZMotSKGyRIImXsUEWhRLb4e3xUG/fobFCq3MaxBhErK9ET3BGjjqjTq1TLFXKlaz8v6A6BqXGFmTV7Kx6u9ddzZMIFXHJrL2q78cUpMyQ4BIfC9eJxZjxW9bHKwcVi9AGaeb10d92TNfvaeNakZ+xPzdSFlk7iEI3GTG6sb+1IfmvJkWIzoFCp37jSS/UOwxSoeKEUPGRlV4ifdL+MBq/KwxykgMHGDfCfePzG2YYJxfgxK3hddJa2slnv88GqcJ7esi8FlzA1d9x/gUXtXK1Xq6d7pUaR6OkIQ8bsAk7UIUDaMAJNKEFHPrwBM/w4r16796H9zkazXnjnXWYqBx8Ac/kso4=</latexit>

t1
<latexit sha1_base64="Ht0QMl7ilXRytrJRZ3qKeBaPGFs=">AAACRnicbVDLSgNBEOyN7/iKevSyGAUvhmwi6jHoxaOiUUGXMDvpJIOzM8tMrxoWP8Gr/pK/4E94E69ONiIm2tBQVHXT1RUlUliqVt+8wsTk1PTM7FxxfmFxabm0snphdWo4NrmW2lxFzKIUCpskSOJVYpDFkcTL6PZooF/eobFCq3PqJxjGrKtER3BGjjqjVtAqlauVal7+XxB8g3JjE/I6aa14OzdtzdMYFXHJrL2u7yUUZsyQ4BIfizepxYTxW9bFawcVi9GGWe710d9yTNvvaONakZ+zvzcyFlvbjyM3GTPq2XFtQP6rSRGhc6DQqT941At1DsJMqCQlVHxopZNKn7Q/iMZvC4OcZN8Bxo1w3/i8xwzj5AIcuTW4TlpLO/rsz9kwU3hPD7nXogs4GI/zL7ioVYJ6pXa6W24cDpOGWViHDdiGAPahAcdwAk3g0IUneIYX79V79z68z+FowfveWYORKsAXzgSyjQ==</latexit>

Variables:  {t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

x
<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

Z
� (x ,�)dxd� =

1
| � · n |

<latexit sha1_base64="UWTOtbtmprqYjxV9sQbJrxyuu5I="></latexit>

y
<latexit sha1_base64="+XLI6qvi2lQ4WUVHJl+RD6HzR9Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

Z
� (y � x)dt1dt2ds1

<latexit sha1_base64="Kn6lVnOtq7yRls3skFKsP22I53Y="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Some possible estimators

�42Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  

x
<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Some possible estimators

�42Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  

x
<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

�2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

(�2,�2)

<latexit sha1_base64="V5ZI6tDHGEVDPWGGsFDrw49Ll6Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Some possible estimators

�42Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  

x
<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

Z
� (x � y)d�2d�2ds1

<latexit sha1_base64="u/iCVkujY/I+6H4K8lQNyijHR9w="></latexit>

�2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

(�2,�2)

<latexit sha1_base64="V5ZI6tDHGEVDPWGGsFDrw49Ll6Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Some possible estimators

�42Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  

x
<latexit sha1_base64="q1dDWW0DUezj6JSVhGm86z9S9xI="></latexit>

Z
� (x � y)d�2d�2ds1

<latexit sha1_base64="u/iCVkujY/I+6H4K8lQNyijHR9w="></latexit>

�2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

(�2,�2)

<latexit sha1_base64="V5ZI6tDHGEVDPWGGsFDrw49Ll6Y="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Some possible estimators

�43Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Variables:  �2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

Z
� (x � y)d�2d�2ds1

<latexit sha1_base64="u/iCVkujY/I+6H4K8lQNyijHR9w="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



Z
� (x ,�)dxd� =

1
| � · n |

<latexit sha1_base64="UWTOtbtmprqYjxV9sQbJrxyuu5I="></latexit>

Some possible estimators

�43Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Variables:  �2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

Z
� (x � y)d�2d�2ds1

<latexit sha1_base64="u/iCVkujY/I+6H4K8lQNyijHR9w="></latexit>

n
<latexit sha1_base64="ZrTqh4TmiVI3E+kqCU0IGlmOaEU="></latexit>

Normal

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Some possible estimators

�44Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

t2
<latexit sha1_base64="ZuR+X97Poht74jTcJR+jx2UGOjo="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>



{t1,�1,�1}
<latexit sha1_base64="uzPUUXXhfItLsldPzNPuHWpm1oc="></latexit>

What about single scattering?

�45Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  
�1

<latexit sha1_base64="4Ui9qElZ4OdRqpd8vvXxCMcxOO0="></latexit>

t1
<latexit sha1_base64="O4D4VBxsztvRYRp8afwU4Ekde4M="></latexit>



{t1,�1,�1}
<latexit sha1_base64="uzPUUXXhfItLsldPzNPuHWpm1oc="></latexit>

What about single scattering?

�45Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Variables:  
�1

<latexit sha1_base64="4Ui9qElZ4OdRqpd8vvXxCMcxOO0="></latexit>

t1
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Photon surfaces as sampling strategies

Different PDF
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Full light transport
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Ours, MIS (3 planes + cone + cylinder)

�81
(Multi-scattering)Var:0.229x Equal time



Scene 2

�82



Photon beam
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Ours (3 single-scattering planes)
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Photon plane
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Ours, MIS (3 planes + cone + cylinder)
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We’ve improved unbiased photon density 
estimation:

Photon surface
Combination using MIS
Single-scattering
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Heterogeneity is still too slow to be 
practical.



Limitations
Some types of light transport cannot be handled efficiently 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Full Medium Transport



Future Work
Medium-to-surface    Surface-to-surface 
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Future Work
Implementing in a path tracer
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Thank you!

�96Photon Surfaces for Robust, Unbiased Volumetric Density Estimation



Some combinations are much worse

�97Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

WeightedUnweighted



Some combinations are much better

�98Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

WeightedUnweighted



Surface differential

�99Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

@x

@t
<latexit sha1_base64="b8n+e7M3BevG913Jw+OE7SWIbdg=">AAACCHicbVDLSsNAFL2pr1pfUZcuDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE7GELN34K25cKOLWT3Dn3zhpA2rrgYEz59x7Z+7xY0alsu0vo7S0vLK6Vl6vbGxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fjjq9zv3BEhacRv1SQmXoiGnAYUI6WlvnnoBgLh1I2RUBSx9D7Lfi4qy/pm1a7ZU1iLxClIFQo0++anO4hwEhKuMENS9hw7Vl6aT8SMZBU3kSRGeIyGpKcpRyGRXjpdJLOOtTKwgkjow5U1VX93pCiUchL6ujJEaiTnvVz8z+slKrjwUsrjRBGOZw8FCbNUZOWpWAMqCFZsognCguq/WniEdDJKZ1fRITjzKy+Sdr3mnNbqN2fVxmURRxkO4AhOwIFzaMA1NKEFGB7gCV7g1Xg0no03431WWjKKnn34A+PjG/yRmzs=</latexit>

@x

@�
<latexit sha1_base64="RY7ZwEBoRw1l1LMMzhvWsfkcQpk=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DOUDJppg3NZIYkI5ZhPsCNv+LGhSJu/QB3/o2ZdkBtPRA4Oefem9zjx5wpbdtf1tLyyuraemmjvLm1vbNb2dtvqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPaccfX+V+545KxSJxqycx9UI8FCxgBGsj9StVN5CYpG6MpWaYp/dZ9nNx4xHLMmSq7Jo9BVokTkGqUKDZr3y6g4gkIRWacKxUz7Fj7aX5VMJpVnYTRWNMxnhIe4YKHFLlpdNlMnRslAEKImmO0Giq/u5IcajUJPRNZYj1SM17ufif10t0cOGlTMSJpoLMHgoSjnSE8mTQgElKNJ8Ygolk5q+IjLBJR5v8yiYEZ37lRdKu15zTWv3mrNq4LOIowSEcwQk4cA4NuIYmtIDAAzzBC7xaj9az9Wa9z0qXrKLnAP7A+vgGu0+crA==</latexit>

@x

@�
⇥ @x

@t
<latexit sha1_base64="Lq6HnrVgjKXLVd397vm9npWrvPo=">AAACM3icfVDLSgMxFM34rPU16tJNsAiuhplWaZdFN+Kqgn1Ap5RMmmlDMw+SO2IZ5p/c+CMuBHGhiFv/wfSBjyoeCJycc29y7/FiwRXY9qOxsLi0vLKaW8uvb2xubZs7uw0VJZKyOo1EJFseUUzwkNWBg2CtWDISeII1veHZ2G9eM6l4FF7BKGadgPRD7nNKQEtd88L1JaGpGxMJnIj0Jsu+Lm484FmGXeABUxj/VwpZ1jULtmVPgG3rpFwqlSr4U3FmpIBmqHXNe7cX0SRgIVBBlGo7dgyddPwiFSzLu4liMaFD0mdtTUOip+ikk50zfKiVHvYjqU8IeKJ+70hJoNQo8HRlQGCg5r2x+JfXTsCvdFIexgmwkE4/8hOBIcLjAHGPS0ZBjDQhVHI9K6YDopMBHXNeh+DMr/ybNIqWU7KKl8eF6uksjhzaRwfoCDmojKroHNVQHVF0ix7QM3ox7own49V4m5YuGLOePfQDxvsHVvSuYw==</latexit>



Surface differential

�100Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Z
� (x ,�)dxd� =

1
| � · n |

<latexit sha1_base64="UWTOtbtmprqYjxV9sQbJrxyuu5I="></latexit>

{t1, t2,�1,�2,�1,�2, }
<latexit sha1_base64="7M+09n25Qlg5NVQaFEPMmBK1Gjs="></latexit>

Variables:  �2
<latexit sha1_base64="5xVJ8MKJ9Ln5aUM4swobBHuVPfY="></latexit>

�2
<latexit sha1_base64="U4pkVG+56l37nl1gd4ASQLYXzxA="></latexit>

n
<latexit sha1_base64="ZrTqh4TmiVI3E+kqCU0IGlmOaEU="></latexit>

Normal

s1
<latexit sha1_base64="UQdNhU2/Zz/gefyddtR+BhTXmFY="></latexit>

= | det [@(y � x)
@�2

,
@(y � x)
@�2

,
@(y � x)
@s1

] |

= | det [@x(�2,�2)

@�2
,
@x(�2,�2)

@�2
,
@(y(s1))
@s1

] |

<latexit sha1_base64="5yzzCG7rJCC+I706TBi5mLHDTAE="></latexit>



�101

Long Beam and Short Beam



�101

Long Beam and Short Beam



�102Photon Surfaces for Robust, Unbiased Volumetric Density Estimation

Long & short surfaces
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Expense of each estimator


