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• Thanks	  for	  the	  introduc1on,	  and	  thank	  you	  all	  for	  coming	  to	  my	  talk
• As	  the	  1tle	  implies,	  this	  paper	  deals	  with	  global	  illumina1on
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• To	  deal	  with	  this	  complexity,	  we	  simplify	  the	  problem	  by	  going	  to	  2D
•We	  derive	  a	  full	  theory	  of	  light	  transport	  in	  2D,	  resul1ng	  in	  a	  2D	  rendering	  equa1on
• There	  are	  a	  number	  of	  benefits	  to	  this:
• Firstly,	  visualizing	  quan11es	  related	  to	  GI	  becomes	  significantly	  easier,	  since	  we	  can	  oUen	  just	  plot	  them	  as	  1D	  graphs
• Secondly,	  rendering	  become	  significantly	  faster	  in	  2D,	  making	  rapid	  prototyping	  and	  experimenta1on	  possible
• Also,	  since	  the	  problem	  becomes	  simplified	  it	  makes	  it	  easier	  to	  analyze	  mathema1cally
• And	  finally,	  teaching	  global	  illumina1on	  in	  2D	  is	  simpler,	  providing	  a	  stepping-‐stone	  for	  teaching	  full	  3D	  global	  illumina1on
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• To	  demonstrate	  the	  benefit	  of	  a	  2D	  theory,	  show	  how	  to	  easily	  analyze	  algorithms	  like	  photon	  mapping	  in	  2D
• Also,	  we	  perform	  an	  in-‐depth	  2nd	  order	  analysis	  of	  global	  illumina1on	  in	  2D
• And	  we	  show	  how	  the	  insights	  gained	  can	  lead	  to	  prac1cal	  improvements	  for	  3D	  rendering	  using	  irradiance	  caching
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Previous	  Work	  (1)	  -‐	  	  2D	  World

■ Flatland:	  A	  Romance	  of	  Many	  
Dimensions	  [Abbot	  1884]	  
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• The	  use	  of	  2D	  is	  not	  new.	  An	  early	  detailed	  descrip1on	  of	  a	  2D	  world	  was	  provided	  in	  Abbot	  in	  the	  late	  1800s	  in	  his	  novella:	  
Flatland.	  This	  term	  was	  later	  adopted	  by	  graphics	  researchers	  when	  analyzing	  algorithms	  in	  2D



Previous	  Work	  (2)	  -‐	  2D	  Ray	  Cas2ng

■ Wolfenstein	  3-‐D	  [1992]
• 2D	  ray	  cas9ng
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• 2D	  simplifica1ons	  have	  also	  been	  applied	  in	  prac1cal	  contexts.	  An	  early	  example	  of	  this	  in	  the	  game	  industry	  was	  with	  
Wolfenstein	  3D,	  which	  used	  a	  2D	  ray	  cas1ng	  algorithm	  to	  render	  its	  pseudo-‐3D	  world.



Previous	  Work	  (3)	  -‐	  2D	  Light	  Transport
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• 2D	  light	  transport	  has	  also	  been	  considered	  in	  isolated	  cases	  within	  academia
• Researchers	  have	  used	  this	  simplified	  domain	  to	  analyze	  (click)	  hidden	  surface	  elimina1on,	  (click)	  Radiosity,	  (click)	  and	  perform	  
frequency	  and	  gradient	  space	  analyses.

•We	  are	  inspired	  by	  this	  line	  of	  research,	  but,	  while	  these	  methods	  considers	  2D	  for	  isolated	  problems,	  we	  wish	  to	  provide	  a	  
more	  holis1c	  descrip1on	  of	  2D	  light	  transport	  by	  deriving	  and	  analyzing	  a	  full	  2D	  rendering	  equa1on



Previous	  Work	  (3)	  -‐	  2D	  Light	  Transport
■ Hidden	  surface	  removal
[Edelsbrunner	  et	  al.	  83]	  [Pocchiola	  90]
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• Researchers	  have	  used	  this	  simplified	  domain	  to	  analyze	  (click)	  hidden	  surface	  elimina1on,	  (click)	  Radiosity,	  (click)	  and	  perform	  
frequency	  and	  gradient	  space	  analyses.

•We	  are	  inspired	  by	  this	  line	  of	  research,	  but,	  while	  these	  methods	  considers	  2D	  for	  isolated	  problems,	  we	  wish	  to	  provide	  a	  
more	  holis1c	  descrip1on	  of	  2D	  light	  transport	  by	  deriving	  and	  analyzing	  a	  full	  2D	  rendering	  equa1on



Previous	  Work	  (3)	  -‐	  2D	  Light	  Transport
■ Hidden	  surface	  removal
[Edelsbrunner	  et	  al.	  83]	  [Pocchiola	  90]

■ Radiosity
[Heckbert	  92]	  [Gortler	  et	  al.	  93]
[Or1	  et	  al.	  96]	  [Durand	  et	  al.	  96]

■ Frequency/Gradient-‐space	  analysis
[Durand	  et	  al.	  05]
[Ramamoorthi	  et	  al.	  07]

8
Wednesday, 5 September 12

• 2D	  light	  transport	  has	  also	  been	  considered	  in	  isolated	  cases	  within	  academia
• Researchers	  have	  used	  this	  simplified	  domain	  to	  analyze	  (click)	  hidden	  surface	  elimina1on,	  (click)	  Radiosity,	  (click)	  and	  perform	  
frequency	  and	  gradient	  space	  analyses.

•We	  are	  inspired	  by	  this	  line	  of	  research,	  but,	  while	  these	  methods	  considers	  2D	  for	  isolated	  problems,	  we	  wish	  to	  provide	  a	  
more	  holis1c	  descrip1on	  of	  2D	  light	  transport	  by	  deriving	  and	  analyzing	  a	  full	  2D	  rendering	  equa1on



Theory	  of	  2D	  Light	  Transport

■ Intrinsic	  2D	  Model:
• self-‐contained	  2D	  world,	  composed	  of	  curves
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• Before	  we	  begin,	  we	  need	  to	  define	  our	  2D	  world
•We	  assume	  a	  true	  2D	  intrinsic	  model	  where	  the	  world	  is	  composed	  of	  curves,	  and	  all	  light	  is	  emiEed,	  reflected	  and	  absorbed	  
within	  the	  2D	  world.

•We	  want	  the	  final	  theory	  to	  be	  highly	  analogous	  to	  3D	  so	  that	  is	  can	  provide	  prac1cal	  insights	  for	  rendering.	  We	  therefore	  
derive	  it	  in	  analogy	  to	  3D,	  and	  not	  from	  first-‐principles



Theory	  of	  2D	  Light	  Transport

■ Intrinsic	  2D	  Model:
• self-‐contained	  2D	  world,	  composed	  of	  curves

■ Not	  derived	  from	  first-‐principles,	  but	  in	  analogy	  
to	  3D	  model
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• Before	  we	  begin,	  we	  need	  to	  define	  our	  2D	  world
•We	  assume	  a	  true	  2D	  intrinsic	  model	  where	  the	  world	  is	  composed	  of	  curves,	  and	  all	  light	  is	  emiEed,	  reflected	  and	  absorbed	  
within	  the	  2D	  world.

•We	  want	  the	  final	  theory	  to	  be	  highly	  analogous	  to	  3D	  so	  that	  is	  can	  provide	  prac1cal	  insights	  for	  rendering.	  We	  therefore	  
derive	  it	  in	  analogy	  to	  3D,	  and	  not	  from	  first-‐principles



Radiometry

■ Assume	  light	  consists	  of	  photons
■ Define	  basic	  quan11es	  by	  “coun1ng	  photons”
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•We	  start	  by	  assuming	  that	  light	  consists	  of	  photons	  and	  define	  2D	  equivalents	  to	  common	  radiometric	  quan11es



Flux	  (Power)

11

Φ3D Φ2D

Units:	  [ W = J / s ]
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• Flux	  is	  the	  total	  amount	  of	  energy	  passing	  through	  a	  surface	  (3D)	  or	  curve	  (2D)	  per	  unit	  1me
• In	  both	  the	  3D	  and	  2D	  world	  it	  has	  units	  of	  WaEs	  (Joules	  per	  second)	  since	  it	  effec1vely	  counts	  the	  number	  of	  photons	  himng	  a	  
wall	  per	  second



■ flux	  per	  unit	  arc	  length	  
arriving	  at	  a	  curve

E2D(x)E3D(x)

Irradiance

12

Units:	  [ W / m ]Units:	  [ W / m2 ]
■ flux	  per	  unit	  area	  
arriving	  at	  a	  surface
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• In	  3D,	  irradiance	  is	  the	  flux	  density	  per	  unit	  surface	  area
• In	  2D,	  surface	  area	  turns	  into	  arc	  length,	  so	  irradiance	  is	  the	  flux	  per	  unit	  arc	  length	  arriving	  at	  a	  curve
• This	  changes	  the	  units	  of	  irradiance
• In	  both	  cases,	  irradiance	  effec1vely	  counts	  the	  photons	  that	  arrive	  at	  an	  infinitesimal	  patch	  on	  a	  wall,	  from	  all	  direc1ons



■ flux	  density	  per	  unit	  angle,	  
per	  perp.	  unit	  arc	  length

L2D(x,θ)L3D(x,ω)

Irradiance
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Units:	  [ W / rad / m ]Units:	  [ W / sr / m2 ]
■ flux	  density	  per	  unit	  solid	  
angle,	  per	  perp.	  unit	  area
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• Radiance	  restricts	  this	  even	  further,	  and	  only	  considers	  photons	  from	  a	  certain	  differen1al	  set	  of	  direc1ons
• In	  3D,	  it	  has	  units	  of	  W	  /	  sr	  /	  m2,	  since	  it	  is	  the	  flux	  density	  per	  unit	  solid	  angle	  per	  perpendicular	  unit	  area
• In	  2D,	  solid	  angles	  completely	  disappear,	  giving	  us	  the	  flux	  density	  per	  unit	  angle,	  per	  perpendicular	  arc	  length



■ Other	  radiometric	  quan99es	  can	  be	  expressed	  in	  
terms	  of	  radiance

Radiance	  Integrals

14
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• Just	  like	  in	  3D,	  we	  can	  derive	  other	  radiometric	  quan11es	  from	  Radiance
• For	  instance,	  in	  3D	  irradiance	  is	  the	  2D	  integral	  of	  the	  cosine-‐weighted	  radiance	  over	  the	  hemisphere,	  while	  in	  2D	  this	  is	  a	  1D	  
integral	  over	  the	  hemicircle



■ Other	  radiometric	  quan99es	  can	  be	  expressed	  in	  
terms	  of	  radiance

Radiance	  Integrals

14

E3D(x) =

Z

⌦
L3D(x ~!) cos ✓ d~!

Irradiance

integrate	  over	  hemisphere
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• Just	  like	  in	  3D,	  we	  can	  derive	  other	  radiometric	  quan11es	  from	  Radiance
• For	  instance,	  in	  3D	  irradiance	  is	  the	  2D	  integral	  of	  the	  cosine-‐weighted	  radiance	  over	  the	  hemisphere,	  while	  in	  2D	  this	  is	  a	  1D	  
integral	  over	  the	  hemicircle



■ Other	  radiometric	  quan99es	  can	  be	  expressed	  in	  
terms	  of	  radiance

Radiance	  Integrals
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⇥
L2D(x ✓) cos ✓ d ✓
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• Just	  like	  in	  3D,	  we	  can	  derive	  other	  radiometric	  quan11es	  from	  Radiance
• For	  instance,	  in	  3D	  irradiance	  is	  the	  2D	  integral	  of	  the	  cosine-‐weighted	  radiance	  over	  the	  hemisphere,	  while	  in	  2D	  this	  is	  a	  1D	  
integral	  over	  the	  hemicircle



Radiance	  Discussion
■ Different	  complexity:
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• An	  important	  difference	  in	  2D	  and	  3D	  is	  in	  the	  complexity	  of	  the	  resul1ng	  radiometric	  func1ons
• For	  instance,	  in	  a	  3D	  world,	  radiance	  is	  a	  5D	  func1on,	  3	  for	  posi1on,	  and	  2	  for	  direc1on
• By	  just	  moving	  down	  1	  dimension	  to	  a	  2D	  world,	  radiance	  simplifies	  to	  a	  3D	  func1on	  (2	  posi1on,	  1	  direc1on)
• This	  reduc1on	  has	  a	  significant	  impact	  on	  the	  convergence	  of	  rendering	  algorithms



Radiance	  Discussion
■ Different	  complexity:

• Radiance	  in	  3D	  is	  a	  5D	  func9on

15

x

3D	  posi9on
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• An	  important	  difference	  in	  2D	  and	  3D	  is	  in	  the	  complexity	  of	  the	  resul1ng	  radiometric	  func1ons
• For	  instance,	  in	  a	  3D	  world,	  radiance	  is	  a	  5D	  func1on,	  3	  for	  posi1on,	  and	  2	  for	  direc1on
• By	  just	  moving	  down	  1	  dimension	  to	  a	  2D	  world,	  radiance	  simplifies	  to	  a	  3D	  func1on	  (2	  posi1on,	  1	  direc1on)
• This	  reduc1on	  has	  a	  significant	  impact	  on	  the	  convergence	  of	  rendering	  algorithms



Radiance	  Discussion
■ Different	  complexity:

• Radiance	  in	  3D	  is	  a	  5D	  func9on

15

x

~!

3D	  posi9on
2D	  direc9on
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• An	  important	  difference	  in	  2D	  and	  3D	  is	  in	  the	  complexity	  of	  the	  resul1ng	  radiometric	  func1ons
• For	  instance,	  in	  a	  3D	  world,	  radiance	  is	  a	  5D	  func1on,	  3	  for	  posi1on,	  and	  2	  for	  direc1on
• By	  just	  moving	  down	  1	  dimension	  to	  a	  2D	  world,	  radiance	  simplifies	  to	  a	  3D	  func1on	  (2	  posi1on,	  1	  direc1on)
• This	  reduc1on	  has	  a	  significant	  impact	  on	  the	  convergence	  of	  rendering	  algorithms



Radiance	  Discussion
■ Different	  complexity:

• Radiance	  in	  3D	  is	  a	  5D	  func9on

• Radiance	  in	  2D	  is	  only	  a	  3D	  func9on

15

x

x
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3D	  posi9on
2D	  direc9on

2D	  posi9on
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• An	  important	  difference	  in	  2D	  and	  3D	  is	  in	  the	  complexity	  of	  the	  resul1ng	  radiometric	  func1ons
• For	  instance,	  in	  a	  3D	  world,	  radiance	  is	  a	  5D	  func1on,	  3	  for	  posi1on,	  and	  2	  for	  direc1on
• By	  just	  moving	  down	  1	  dimension	  to	  a	  2D	  world,	  radiance	  simplifies	  to	  a	  3D	  func1on	  (2	  posi1on,	  1	  direc1on)
• This	  reduc1on	  has	  a	  significant	  impact	  on	  the	  convergence	  of	  rendering	  algorithms



✓

Radiance	  Discussion
■ Different	  complexity:

• Radiance	  in	  3D	  is	  a	  5D	  func9on

• Radiance	  in	  2D	  is	  only	  a	  3D	  func9on

15

x

x

~!

3D	  posi9on
2D	  direc9on

2D	  posi9on
1D	  direc9on

Wednesday, 5 September 12

• An	  important	  difference	  in	  2D	  and	  3D	  is	  in	  the	  complexity	  of	  the	  resul1ng	  radiometric	  func1ons
• For	  instance,	  in	  a	  3D	  world,	  radiance	  is	  a	  5D	  func1on,	  3	  for	  posi1on,	  and	  2	  for	  direc1on
• By	  just	  moving	  down	  1	  dimension	  to	  a	  2D	  world,	  radiance	  simplifies	  to	  a	  3D	  func1on	  (2	  posi1on,	  1	  direc1on)
• This	  reduc1on	  has	  a	  significant	  impact	  on	  the	  convergence	  of	  rendering	  algorithms



■ Nota9on:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or
■ Conceptually	  like	  in	  3D,	  but	  with	  important	  differences

f3D(x, ~!!~!0)

The	  BRDF
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f2D(x, ✓!✓0)
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• To	  complete	  our	  theory	  we	  also	  need	  an	  analogy	  to	  the	  BRDF,	  but	  there	  are	  some	  important	  differences



The	  BRDF
■ Domain:

• 3D:	  six-‐dimensional	  func9on	  (2	  pos,	  2	  in-‐dir,	  2	  out-‐dir)

• 2D:	  three-‐dimensional	  func9on	  (1	  pos,	  1	  in-‐dir,	  1	  out-‐dir)

17
Wednesday, 5 September 12

• Just	  as	  with	  the	  radiance	  func1on,	  the	  BRDF	  becomes	  significantly	  simplified	  in	  a	  2D	  world.
• It	  goes	  from	  being	  a	  6D	  func1on	  to	  just	  a	  3D	  func1on
• Other	  than	  this,	  the	  BRDF	  effec1vely	  works	  analogously	  to	  3D



The	  BRDF
■ Domain:

• 3D:	  six-‐dimensional	  func9on	  (2	  pos,	  2	  in-‐dir,	  2	  out-‐dir)

• 2D:	  three-‐dimensional	  func9on	  (1	  pos,	  1	  in-‐dir,	  1	  out-‐dir)

■ Range:	  [0,	  ∞)
■ Reciprocity
■ Energy	  ConservaJon
■ Specular	  interacJons:	  Snell/Fresnel/mirror	  unchanged
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• Just	  as	  with	  the	  radiance	  func1on,	  the	  BRDF	  becomes	  significantly	  simplified	  in	  a	  2D	  world.
• It	  goes	  from	  being	  a	  6D	  func1on	  to	  just	  a	  3D	  func1on
• Other	  than	  this,	  the	  BRDF	  effec1vely	  works	  analogously	  to	  3D	  with	  reciprocity,	  energy	  conserva1on,	  etc.



Reflec2on	  &	  Rendering	  Equa2on

■ Rela1on	  between	  incident/reflected	  light

19
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• The	  BRDF	  also	  allows	  us	  to	  define	  the	  rela1onship	  between	  the	  incident	  and	  reflect	  light,	  giving	  us	  the	  reflec1on	  &	  ul1mately	  
rendering	  equa1ons

• In	  both	  2D	  and	  3D,	  to	  compute	  reflected	  radiance,	  we	  simply	  integrate	  the	  BRDF,	  light,	  visibility	  func1on,	  and	  geometry	  term	  
over	  all	  points	  in	  the	  scene	  (be	  that	  over	  curves	  or	  over	  surfaces)

• However,	  there	  is	  an	  important	  conceptual	  difference	  is	  in	  the	  geometry	  term
• In	  3D	  we	  have	  the	  familiar	  inverse-‐squared	  falloff;	  whereas	  in	  2D	  this	  just	  inverse	  falloff
• This	  is	  because	  the	  light’s	  wavefront	  expands	  along	  the	  surface	  area	  of	  a	  sphere	  in	  3D,	  but	  along	  the	  perimeter	  of	  a	  circle	  in	  2D



Reflec2on	  &	  Rendering	  Equa2on

■ Rela1on	  between	  incident/reflected	  light
■ Surface-‐area	  /	  arc-‐length	  formula1on:
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Lr
2D(x!e) =

Z

L
f2D(x,y$e)L2D(x y)V2D(x$y)G2D(x$y) dl(y),

Lr
3D(x!e) =

Z

A
f3D(x,y$e)L3D(x y)V3D(x$y)G3D(x$y) da(y),
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• The	  BRDF	  also	  allows	  us	  to	  define	  the	  rela1onship	  between	  the	  incident	  and	  reflect	  light,	  giving	  us	  the	  reflec1on	  &	  ul1mately	  
rendering	  equa1ons

• In	  both	  2D	  and	  3D,	  to	  compute	  reflected	  radiance,	  we	  simply	  integrate	  the	  BRDF,	  light,	  visibility	  func1on,	  and	  geometry	  term	  
over	  all	  points	  in	  the	  scene	  (be	  that	  over	  curves	  or	  over	  surfaces)

• However,	  there	  is	  an	  important	  conceptual	  difference	  is	  in	  the	  geometry	  term
• In	  3D	  we	  have	  the	  familiar	  inverse-‐squared	  falloff;	  whereas	  in	  2D	  this	  just	  inverse	  falloff
• This	  is	  because	  the	  light’s	  wavefront	  expands	  along	  the	  surface	  area	  of	  a	  sphere	  in	  3D,	  but	  along	  the	  perimeter	  of	  a	  circle	  in	  2D
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• The	  BRDF	  also	  allows	  us	  to	  define	  the	  rela1onship	  between	  the	  incident	  and	  reflect	  light,	  giving	  us	  the	  reflec1on	  &	  ul1mately	  
rendering	  equa1ons

• In	  both	  2D	  and	  3D,	  to	  compute	  reflected	  radiance,	  we	  simply	  integrate	  the	  BRDF,	  light,	  visibility	  func1on,	  and	  geometry	  term	  
over	  all	  points	  in	  the	  scene	  (be	  that	  over	  curves	  or	  over	  surfaces)

• However,	  there	  is	  an	  important	  conceptual	  difference	  is	  in	  the	  geometry	  term
• In	  3D	  we	  have	  the	  familiar	  inverse-‐squared	  falloff;	  whereas	  in	  2D	  this	  just	  inverse	  falloff
• This	  is	  because	  the	  light’s	  wavefront	  expands	  along	  the	  surface	  area	  of	  a	  sphere	  in	  3D,	  but	  along	  the	  perimeter	  of	  a	  circle	  in	  2D
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• Having	  a	  full	  2D	  theory	  of	  light	  transport	  provides	  us	  a	  framework	  for	  easy	  experimenta1on	  and	  analysis
•We	  have	  many	  examples	  in	  the	  paper	  to	  demonstrate	  this,	  but	  due	  to	  1me	  constraints	  I’ll	  only	  focus	  on	  two	  here
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•We	  can	  for	  instance	  analyze	  photon	  mapping	  in	  this	  simple	  2D	  scene	  where	  I’m	  plomng	  the	  ground	  truth	  irradiance	  in	  red	  
along	  the	  floor

• And	  this	  is	  the	  result	  of	  photon	  mapping	  with	  100	  photons,	  we	  can	  see	  the	  quality	  is	  quite	  poor
• And	  here	  we	  can	  see	  the	  impact	  of	  applying	  final	  gather	  to	  the	  photon	  map,	  we	  see	  that	  even	  with	  this	  low	  photon	  count,	  a	  
single	  final	  gather	  pass	  can	  drama1cally	  improve	  the	  quality
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•We	  can	  for	  instance	  analyze	  photon	  mapping	  in	  this	  simple	  2D	  scene	  where	  I’m	  plomng	  the	  ground	  truth	  irradiance	  in	  red	  
along	  the	  floor

• And	  this	  is	  the	  result	  of	  photon	  mapping	  with	  100	  photons,	  we	  can	  see	  the	  quality	  is	  quite	  poor
• And	  here	  we	  can	  see	  the	  impact	  of	  applying	  final	  gather	  to	  the	  photon	  map,	  we	  see	  that	  even	  with	  this	  low	  photon	  count,	  a	  
single	  final	  gather	  pass	  can	  drama1cally	  improve	  the	  quality
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• And	  here	  we	  can	  see	  the	  impact	  of	  applying	  final	  gather	  to	  the	  photon	  map,	  we	  see	  that	  even	  with	  this	  low	  photon	  count,	  a	  
single	  final	  gather	  pass	  can	  drama1cally	  improve	  the	  quality



100	  Photons

24

Photon	  Mapping Photon	  Mapping	  +	  Final	  Gather

True	  Irradiance Photon	  Mapping

Wednesday, 5 September 12

•We	  can	  for	  instance	  analyze	  photon	  mapping	  in	  this	  simple	  2D	  scene	  where	  I’m	  plomng	  the	  ground	  truth	  irradiance	  in	  red	  
along	  the	  floor

• And	  this	  is	  the	  result	  of	  photon	  mapping	  with	  100	  photons,	  we	  can	  see	  the	  quality	  is	  quite	  poor
• And	  here	  we	  can	  see	  the	  impact	  of	  applying	  final	  gather	  to	  the	  photon	  map,	  we	  see	  that	  even	  with	  this	  low	  photon	  count,	  a	  
single	  final	  gather	  pass	  can	  drama1cally	  improve	  the	  quality
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•We	  also	  perform	  a	  more	  in-‐depth	  analysis	  of	  irradiance	  caching.
•Ward	  and	  colleagues	  main	  insight	  was	  that	  in	  Lamber1an	  scenes,	  the	  indirect	  irradiance	  changes	  slowly	  over	  surfaces,	  making	  
it	  the	  perfect	  candidate	  for	  sparse	  sampling	  and	  interpola1on
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■ Major	  ques1ons:
• InterpolaJon:	  how	  to	  interpolate/extrapolate	  values

• Error	  control:	  how	  to	  determine	  if	  values	  are	  “nearby”
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• The	  key	  ques1ons	  in	  irradiance	  caching	  are:
• How	  do	  we	  interpolate/extrapolate	  from	  the	  cache	  values,	  and
• How	  do	  we	  determine	  how	  far	  away	  we	  can	  keep	  re-‐using	  values

• It	  turns	  out	  that	  being	  able	  to	  quickly	  compute	  accurate	  irradiance	  deriva1ves	  can	  significantly	  improve	  both	  of	  these	  steps
• So	  we	  will	  use	  our	  2D	  framework	  to	  perform	  an	  in-‐depth	  gradient-‐space	  analysis	  of	  2D	  irradiance	  to	  see	  how	  it	  could	  improve	  
irradiance	  caching
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■ Illumina1on	  Gradients
[Ward	  and	  Heckbert	  92]	  [Arvo	  94]
[Holzschuch	  et	  al.	  95,	  96,	  98]
[Annen	  t	  al.	  04]	  [Krivanek	  et	  al.	  05b]
[Ramamoorthi	  et	  al.	  07]
[Jarosz	  et	  al.	  08a,	  08b]
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• There	  has	  actually	  been	  a	  considerable	  amount	  of	  research	  on	  illumina1on	  gradients,	  and	  we	  will	  see	  how	  some	  of	  these	  can	  
be	  re-‐derived	  much	  more	  easily	  in	  a	  2D	  semng

• Furthermore,	  we	  will	  go	  a	  step	  further,	  and	  perform	  a	  2nd-‐order	  analysis,	  and	  apply	  this	  to	  irradiance	  caching
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■ Differen9ate	  Arc-‐Length	  formula9on	  of	  irradiance:
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• The	  simplest	  approach	  to	  derive	  an	  irradiance	  gradient	  is	  to	  simply	  take	  the	  arc-‐length	  form	  of	  the	  irradiance	  integral	  and	  apply	  
the	  gradient	  operator

• By	  distribu1ng	  it	  within	  the	  integral	  and	  applying	  the	  product	  rule	  we	  are	  leU	  with	  three	  gradients
• Since	  we	  are	  dealing	  with	  Lamber1an	  scenes,	  then	  the	  first	  term	  drops	  out
• The	  second	  term	  is	  the	  gradient	  of	  the	  visibility	  func1on
•We	  make	  a	  simplifying	  assump1on	  (as	  in	  previous	  work)	  that	  the	  visibility	  gradient	  is	  zero
• This	  leaves	  just	  this	  final	  term,	  which	  is	  simply	  the	  gradient	  of	  the	  analy1c	  geometric	  term
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• This	  leaves	  just	  this	  final	  term,	  which	  is	  simply	  the	  gradient	  of	  the	  analy1c	  geometric	  term



■ Differen9ate	  Arc-‐Length	  formula9on	  of	  irradiance:

r
x

E2D(x) = r
x

Z

L
L2D(x y)V2D(x,y)G2D(x,y) dl(y)

=

Z

L
r
x

LV G + Lr
x

V G + LV r
x

G dl(y)

⇡
Z

L
L2D(x y)V2D(x,y)r

x

G2D(x,y) dl(y)

r
x

E2D(x) = r
x

Z

L
L2D(x y)V2D(x,y)G2D(x,y) dl(y)

=

Z

L
r
x

LV G + Lr
x

V G + LV r
x

G dl(y)

⇡
Z

L
L2D(x y)V2D(x,y)r

x

G2D(x,y) dl(y)

Gradients	  (Arc-‐Length	  Formula2on)

28
Wednesday, 5 September 12

• The	  simplest	  approach	  to	  derive	  an	  irradiance	  gradient	  is	  to	  simply	  take	  the	  arc-‐length	  form	  of	  the	  irradiance	  integral	  and	  apply	  
the	  gradient	  operator
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• Since	  we	  are	  dealing	  with	  Lamber1an	  scenes,	  then	  the	  first	  term	  drops	  out
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• To	  see	  how	  this	  works,	  we	  imagine	  shoo1ng	  a	  number	  rays	  over	  the	  hemicircle,	  which	  hit	  other	  surfaces
•We	  are	  now	  interested	  in	  how	  the	  irradiance	  changes	  as	  we	  translate	  the	  evalua1on	  loca1on	  x
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• The	  arc-‐length	  formula1on	  accounts	  for	  the	  change	  in	  the	  geometric	  rela1onship	  between	  x	  and	  the	  hitpoints	  y
• However,	  it	  ignores	  changes	  due	  to	  occlusions
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• The	  arc-‐length	  formula1on	  accounts	  for	  the	  change	  in	  the	  geometric	  rela1onship	  between	  x	  and	  the	  hitpoints	  y
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[Ward	  and	  Heckbert	  92]
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• A	  more	  sophis1cated	  method	  was	  proposed	  by	  Ward	  and	  Heckbert,	  which	  we	  can	  again	  analyze	  and	  re-‐derive	  in	  2D
• This	  method	  stra1fies	  the	  direc1on	  form	  of	  the	  irradiance	  integral,	  and	  shoots	  a	  ray	  in	  each	  stratum
• The	  gradient	  computa1on	  then	  tries	  to	  consider	  how	  the	  sizes	  of	  the	  strata	  would	  change	  as	  we	  moved	  the	  center	  of	  project
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• And	  the	  big	  benefit	  of	  enforcing	  a	  stra1fica1on,	  is	  that	  due	  to	  neighbor	  rela1onships	  we	  can	  account	  for	  occlusion	  changes	  
during	  transla1on
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•We	  can	  easily	  compare	  these	  two	  approaches	  in	  2D	  on	  a	  simple	  scene	  where	  we	  have	  a	  light	  at	  the	  top
• In	  2D,	  we	  can	  actually	  compute	  analy1c	  solu1ons	  for	  the	  irradiance,	  as	  well	  as	  the	  gradient,	  which	  we	  plot	  as	  red	  and	  green	  
curves	  along	  the	  floor

• In	  a	  scene	  without	  occluders	  both	  numerical	  methods	  return	  the	  correct	  solu1on
• But	  when	  we	  add	  an	  occluder,	  we	  see	  that	  the	  stra1fied	  formula1on	  (doEed-‐black)	  retains	  the	  correct	  answers,	  while	  the	  arc-‐
length	  formula1on	  (orange)	  gives	  the	  wrong	  results	  because	  it	  ignores	  the	  gradient	  of	  the	  visibility	  func1on
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length	  formula1on	  (orange)	  gives	  the	  wrong	  results	  because	  it	  ignores	  the	  gradient	  of	  the	  visibility	  func1on
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length	  formula1on	  (orange)	  gives	  the	  wrong	  results	  because	  it	  ignores	  the	  gradient	  of	  the	  visibility	  func1on
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•We	  can	  easily	  compare	  these	  two	  approaches	  in	  2D	  on	  a	  simple	  scene	  where	  we	  have	  a	  light	  at	  the	  top
• In	  2D,	  we	  can	  actually	  compute	  analy1c	  solu1ons	  for	  the	  irradiance,	  as	  well	  as	  the	  gradient,	  which	  we	  plot	  as	  red	  and	  green	  
curves	  along	  the	  floor

• In	  a	  scene	  without	  occluders	  both	  numerical	  methods	  return	  the	  correct	  solu1on
• But	  when	  we	  add	  an	  occluder,	  we	  see	  that	  the	  stra1fied	  formula1on	  (doEed-‐black)	  retains	  the	  correct	  answers,	  while	  the	  arc-‐
length	  formula1on	  (orange)	  gives	  the	  wrong	  results	  because	  it	  ignores	  the	  gradient	  of	  the	  visibility	  func1on
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■ Second-‐order	  analysis
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•We	  can	  also	  easily	  go	  beyond	  what	  has	  been	  done	  in	  previous	  work,	  and	  extend	  both	  formula1ons	  to	  2nd	  deriva1ves,	  or	  
irradiance	  Hessians.	  The	  details	  are	  in	  the	  paper
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• Again,	  in	  this	  case	  the	  stra1fied	  formula1on	  properly	  accounts	  for	  occlusion	  changes,	  whereas	  both	  are	  accurate	  when	  no	  
occlusions	  are	  present
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• To	  make	  prac1cal	  use	  of	  this	  analysis,	  we	  need	  to	  generalize	  to	  3D.
•We	  can	  easily	  generalize	  both	  gradient	  formula1ons	  to	  3D,	  and	  our	  resul1ng	  3D	  gradients	  have	  some	  minor,	  but	  prac1cal	  
benefits	  over	  previously	  published	  deriva1ons

•We	  can	  also	  easily	  generalize	  the	  arc-‐length	  Hessian	  to	  3D,	  and	  we	  will	  show	  that	  even	  though	  this	  formula1on	  ignores	  
occlusions,	  it	  can	  lead	  to	  prac1cal	  benefits	  for	  3D	  irradiance	  caching
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• To	  make	  prac1cal	  use	  of	  this	  analysis,	  we	  need	  to	  generalize	  to	  3D.
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benefits	  over	  previously	  published	  deriva1ons

•We	  can	  also	  easily	  generalize	  the	  arc-‐length	  Hessian	  to	  3D,	  and	  we	  will	  show	  that	  even	  though	  this	  formula1on	  ignores	  
occlusions,	  it	  can	  lead	  to	  prac1cal	  benefits	  for	  3D	  irradiance	  caching
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■ Apply	  gradient	  analysis	  to:
• InterpolaJon/ExtrapolaJon

• Error	  control
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•We	  now	  apply	  our	  gradient	  analysis	  to	  the	  two	  key	  parts	  of	  irradiance	  caching:	  extrapola1on	  and	  error	  control
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Constant

[Ward	  et	  al.	  in	  1988]
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• For	  cache	  point	  extrapola1on,	  Ward	  ini1ally	  proposed	  to	  simply	  re-‐use	  cache	  values	  using	  constant	  extrapola1on
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Gradient	  (Linear)

[Ward	  and	  Heckbert	  92]
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• Later,	  Ward	  and	  Heckbert	  linearly	  extrapolated	  the	  cached	  values	  along	  the	  irradiance	  gradient,	  which	  significantly	  improved	  
reconstruc1on	  quality
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• Given	  our	  irradiance	  Hessian	  deriva1ons,	  we	  can	  now	  take	  this	  a	  step	  further
• Here	  we	  compare	  for	  two	  cache	  point	  loca1ons	  a	  first-‐order	  extrapola1on,	  and	  a	  second-‐order	  extrapola1on,	  and	  we	  can	  see	  
that	  by	  exploi1ng	  the	  informa1on	  in	  the	  Hessian,	  we	  can	  more	  faithfully	  reconstruct	  the	  irradiance	  in	  the	  neighborhood	  of	  the	  
cache	  point
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•We	  can	  also	  apply	  this	  idea	  in	  3D
• Here	  we	  visualize	  the	  indirect	  irradiance	  on	  the	  ground	  plane	  of	  this	  simple	  box	  scene	  (as	  viewed	  from	  above)
•We	  can	  see	  that	  as	  we	  perform	  higher-‐order	  taylor	  extrapola1ons,	  we	  improve	  the	  reconstruc1on	  quality,	  and	  reduce	  the	  RMS	  
error
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• Here	  we	  visualize	  the	  indirect	  irradiance	  on	  the	  ground	  plane	  of	  this	  simple	  box	  scene	  (as	  viewed	  from	  above)
•We	  can	  see	  that	  as	  we	  perform	  higher-‐order	  taylor	  extrapola1ons,	  we	  improve	  the	  reconstruc1on	  quality,	  and	  reduce	  the	  RMS	  
error
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• And	  here	  we	  added	  a	  simple	  occluder	  to	  the	  scene,	  which	  introduces	  visibility	  changes
•We	  can	  see	  that	  even	  though	  our	  Hessian	  formula1on	  in	  3D	  ignores	  visibility	  changes,	  we	  can	  s1ll	  obtain	  higher	  quality	  
reconstruc1on	  and	  reduced	  RMS	  error
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■ “Split-‐sphere”	  heuris1c
• irradiance	  changes	  rapidly	  
near	  objects

• radius	  propor9onal	  to	  
reciprocal	  “average”	  ray	  
distance
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• The	  other	  major	  component	  of	  irradiance	  caching	  is	  the	  so-‐called	  split-‐sphere	  heuris1c	  which	  dictates	  the	  loca1on	  and	  density	  
of	  cache	  points	  in	  the	  scene

• It	  sets	  the	  radius	  of	  cache	  points	  inversely	  propor1onal	  to	  the	  average	  distance	  to	  nearby	  objects.
• In	  essence:	  near	  corners	  and	  edges,	  the	  irradiance	  is	  expected	  to	  change	  more	  rapidly	  so	  the	  radii	  are	  small,	  increasing	  the	  
caching	  density	  in	  those	  regions.
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• Lets	  see	  how	  this	  behaves	  in	  2D.
• Here	  we	  have	  an	  area	  light	  at	  the	  top,	  and	  on	  the	  right	  side	  we	  have	  either	  a	  white	  wall,	  or	  a	  black	  wall,	  or	  no	  wall	  at	  all
•We	  reconstruct	  the	  irradiance	  on	  the	  ground
• Note	  that	  the	  middle	  and	  right	  scene	  are	  actually	  radiometrically	  iden1cal:	  having	  the	  same	  irradiance	  and	  all	  deriva1ves	  along	  
the	  floor
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•When	  applying	  irradiance	  caching	  with	  the	  split-‐sphere,	  one	  thing	  we	  immediately	  no1ce	  is	  that	  the	  two	  equivalent	  scenes	  
actually	  get	  totally	  different	  cache	  point	  distribu1ons

• Also,	  the	  split-‐sphere	  is	  generally	  too	  conserva1ve	  and	  therefore	  dedicates	  far	  too	  many	  cache	  points	  in	  corners	  and	  edges,	  
resul1ng	  in	  high	  reconstruc1on	  error
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• This	  is	  why	  many	  papers	  have	  tried	  to	  apply	  fix	  ups	  to	  the	  split-‐sphere,	  but	  these	  add	  more	  parameters,	  and	  don’t	  ul1mately	  
solve	  the	  underlying	  problem

• Instead,	  our	  goal	  was	  to	  use	  our	  2D	  theory	  to	  come	  up	  with	  a	  more	  principled	  metric	  from	  the	  ground	  up
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■ total	  error	  ϵt	  =	  integrated	  difference	  between	  
extrapolated	  and	  correct	  irradiance
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•We	  therefore	  imagined	  what	  would	  be	  the	  ideal	  radius	  for	  a	  cache	  point.
• Ul1mately	  we	  are	  interested	  in	  minimizing	  the	  error	  introduced	  by	  each	  cache	  point	  to	  the	  rendered	  image
•We	  can	  express	  this	  mathema1cally	  as	  the	  integrated	  difference	  between	  the	  extrapolated	  and	  correct	  irradiance
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■ E’	  is	  1st-‐order	  Taylor	  extrapola1on

Wednesday, 5 September 12

• If	  we	  are	  using	  gradient	  extrapola1on,	  then	  E’	  is	  simply	  the	  1st	  order	  taylor	  extrapola1on	  from	  the	  cache	  point
• However,	  the	  true	  irradiance	  E,	  is	  unknown	  since	  this	  is	  the	  quan1ty	  we	  are	  trying	  to	  avoid	  compu1ng	  in	  the	  first	  place!
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■ E’	  is	  1st-‐order	  Taylor	  extrapola1on
■ E	  is	  unknown!

2nd-‐order	  Taylor	  extrapola1on
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• However,	  we	  can	  compute	  a	  second	  deriva1ve	  at	  the	  cache	  point,	  and	  we	  have	  already	  seen	  that	  the	  2nd-‐order	  taylor	  
extrapola1on	  is	  significantly	  more	  accurate.
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•We	  therefore	  propose	  to	  use	  the	  2nd	  order	  Taylor	  extrapola1on	  as	  an	  oracle	  for	  the	  true	  irradiance	  in	  the	  local	  region
•We	  can	  see	  that	  the	  integrated	  orange	  regions	  look	  quite	  similar	  on	  the	  leU	  and	  right,	  but	  on	  the	  right	  this	  is	  completely	  
defined	  by	  the	  irradiance	  Hessian	  at	  the	  cache	  point
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•We	  can	  therefore	  easily	  compute	  this	  integral	  since	  its	  just	  a	  simple	  polynomial,	  where	  hx	  here	  is	  just	  the	  scalar	  second	  
deriva1ve	  in	  2D

• By	  enforcing	  a	  certain	  error	  threshold	  and	  solving	  this	  equa1on	  for	  the	  radius,	  we	  see	  that	  the	  radius	  should	  be	  related	  to	  the	  
cube	  root	  of	  the	  reciprocal	  second	  deriva1ve
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•We	  can	  therefore	  use	  this	  expression	  instead	  of	  the	  split-‐sphere	  for	  our	  2D	  scene
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• And	  we	  can	  see	  that	  many	  of	  the	  problems	  with	  the	  split-‐sphere	  are	  eliminated
• Firstly,	  the	  two	  radiometrically-‐iden1cal	  scenes	  now	  have	  iden1cal	  cache	  point	  distribu1ons
• Also,	  no1ce	  that	  the	  RMS	  error	  in	  the	  reconstruc1on	  has	  gone	  down	  by	  as	  much	  as	  a	  factor	  of	  7
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• By	  just	  following	  through	  with	  the	  same	  deriva1ons,	  we	  can	  generalize	  this	  idea	  to	  3D,	  by	  using	  the	  3D	  irradiance	  Hessian
•Where	  now	  there	  is	  a	  forth	  root,	  and	  lamba	  1	  is	  simply	  the	  maximum	  eigenvalue	  of	  the	  irradiance	  Hessian	  matrix
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• By	  just	  following	  through	  with	  the	  same	  deriva1ons,	  we	  can	  generalize	  this	  idea	  to	  3D,	  by	  using	  the	  3D	  irradiance	  Hessian
•Where	  now	  there	  is	  a	  forth	  root,	  and	  lamba	  1	  is	  simply	  the	  maximum	  eigenvalue	  of	  the	  irradiance	  Hessian	  matrix
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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• Again,	  in	  a	  3D	  scene,	  the	  split-‐sphere	  shows	  the	  aggressive	  behavior	  at	  edges
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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•Whereas,	  with	  the	  same	  number	  of	  cache	  points,	  we	  can	  obtain	  a	  much	  nicer	  distribu1on	  with	  the	  Hessian	  approach,	  which	  
reduces	  the	  reconstructed	  error	  by	  an	  order	  of	  magnitude
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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• Here	  is	  a	  simple	  modifica1on	  where	  an	  occluder	  has	  been	  introduce
• And	  even	  though	  our	  arc-‐length	  3D	  Hessian	  ignores	  visibility	  changes,	  when	  used	  as	  a	  error	  control	  method	  it	  s1ll	  significantly	  
out-‐performs	  the	  split-‐sphere	  without	  having	  to	  enforce	  minimum	  radii
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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• And	  even	  though	  our	  arc-‐length	  3D	  Hessian	  ignores	  visibility	  changes,	  when	  used	  as	  a	  error	  control	  method	  it	  s1ll	  significantly	  
out-‐performs	  the	  split-‐sphere	  without	  having	  to	  enforce	  minimum	  radii



■ Purely	  radiometric	  approach	  can	  fail

Radiometric	  Hessian	  (Failure	  Case)
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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• However,	  a	  purely	  radiometric	  approach	  will	  always	  have	  common	  failure	  cases,	  for	  instance	  if	  we	  simply	  change	  the	  blocker	  to	  
be	  perfectly	  black,	  we	  can	  get	  in	  situa1ons	  where	  the	  irradiance	  and	  all	  its	  deriva1ves	  are	  0,	  leading	  to	  infinite	  radii

• The	  solu1on	  we	  propose	  for	  this	  is	  to	  use	  a	  conserva1ve	  lower	  bound	  on	  the	  radiance	  returned	  by	  each	  final	  gather	  ray	  when	  
compu1ng	  the	  Hessian.

• And,	  because	  this	  ends	  up	  being	  propor1onal	  to	  the	  integrated	  hessian	  of	  the	  geometry	  term,	  we	  call	  this	  the	  Geometric	  
Hessian
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Fig. 20: A simple modification of Figure 19 where the occluder is
nearly black. A purely radiometric error metric (top) can have diffi-
culty robustly handling regions of (nearly) black irradiance. These
metrics can predict unbounded cache point radii when the irradiance
and all gradients are zero. Our solution using the Geometric Hessian
(bottom) robustly resolves this issue, producing well-behaved cache
point distributions.

therefore replace the maximum radiance with a canonical value2

Lmax = 1.
Inserting this Hessian bound in place of Hx(E3D) in Equation (68)

gives us a conservative error bound, which we can solve in a similar
fashion as Equation (70). We call this our geometric Hessian metric.

Discussion. The bottom two rows of Figure 20 examine the
performance of the geometric Hessian metric in comparison to the
radiometric Hessian for our failure case. Since the upper-bound on
the Hessian is a purely geometric quantity, changes in the scene ge-
ometry will produce slightly different cache point distributions even
in radiometrically identical scenes; however, our results indicate that
the geometric Hessian preserves the error reduction properties of the
radiometric Hessian while being more robust to arbitrary lighting
configurations. We believe with more extensive investigation this
error metric could prove quite practical as a replacement for the
classical split-sphere heuristic.

Our goal is to achieve improved cache point placement without
resorting to finely-tuned minimum and maximum radii. In practice,
some form of conservative radius clamping should be used since
under-sampling could always produce arbitrarily inaccurate radii.
However, the error metric should ideally provide reasonable results
without clamping. In Figure 21 we show that the geometric Hessian
error metric is quite robust to under-sampling and noisy input with-
out the need for clamping. Even when using only 16 gather rays

2To retain the physical meaning of the error threshold e t we could also
estimate the maximum radiance in the scene by e.g. using the maximum of
the precomputed photon radiances in a photon map [Christensen 1999].
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Fig. 21: This example illustrates the robustness of the geometric
Hessian-based radius estimation even in the presence of under-
sampling and strong noise. We only trace 16 gather rays per cache
point and multiply each gather ray’s radiance by a uniform random
value between 0 and 2. While the irradiance estimate is very noisy,
the maximum eigenvalue of the Hessian can already be estimated
robustly, leading to a good distribution of cache points.

over the hemisphere with noise artificially injected in the radiance,
this metric is able to robustly produce high-quality distributions.

8.4 Anisotropic Error Metric for Irradiance Caching
The Hessian in Equation (68) in fact describes a quadric surface
which gives us a natural way to obtain anisotropic (elliptical) cache
points. Working in the coordinate system defined by the principle
curvatures (eigenvectors v1,v2 of the Hessian matrix with corre-
sponding eigenvalues/curvatures l1 and l2), we can express the
integrated error in the vicinity of the cache point as:
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The shape that maximizes the surface area of the cache point
while minimizing the integrated error is an ellipse with axes v1 and
v2. Inverting this equation provides us with the radii along these
axes:
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Discussion. In Figure 22 we demonstrate the benefits of
anisotropic irradiance caching. We use the geometric Hessian from
the previous section and extract elliptical cache points using Equa-
tion (73). We visualize the cache points as well as their circular
and elliptical regions and the resulting error over the image. Us-
ing roughly 256 cache points, anisotropic cache points provides an
additional 40% reduction in error.

The idea of anisotropic cache points was first suggested by Herzog
et al. [2009] for accelerating gathering from Lightcuts [Walter et al.
2005]. They used the split-sphere heuristic combined with neighbor
clamping [Křivánek et al. 2006] but reduced the radius along the
gradient direction to produce elliptical cache points. Unfortunately
since their anisotropic cache points are obtained from the gradient,
the eccentricity of all cache points must be set by the user. Our
Hessian-based approach could easily be applied within their context
and deduces the eccentricity automatically in a principled fashion
by minimizing error.
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• However,	  a	  purely	  radiometric	  approach	  will	  always	  have	  common	  failure	  cases,	  for	  instance	  if	  we	  simply	  change	  the	  blocker	  to	  
be	  perfectly	  black,	  we	  can	  get	  in	  situa1ons	  where	  the	  irradiance	  and	  all	  its	  deriva1ves	  are	  0,	  leading	  to	  infinite	  radii

• The	  solu1on	  we	  propose	  for	  this	  is	  to	  use	  a	  conserva1ve	  lower	  bound	  on	  the	  radiance	  returned	  by	  each	  final	  gather	  ray	  when	  
compu1ng	  the	  Hessian.

• And,	  because	  this	  ends	  up	  being	  propor1onal	  to	  the	  integrated	  hessian	  of	  the	  geometry	  term,	  we	  call	  this	  the	  Geometric	  
Hessian
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Fig. 20: A simple modification of Figure 19 where the occluder is
nearly black. A purely radiometric error metric (top) can have diffi-
culty robustly handling regions of (nearly) black irradiance. These
metrics can predict unbounded cache point radii when the irradiance
and all gradients are zero. Our solution using the Geometric Hessian
(bottom) robustly resolves this issue, producing well-behaved cache
point distributions.

therefore replace the maximum radiance with a canonical value2

Lmax = 1.
Inserting this Hessian bound in place of Hx(E3D) in Equation (68)

gives us a conservative error bound, which we can solve in a similar
fashion as Equation (70). We call this our geometric Hessian metric.

Discussion. The bottom two rows of Figure 20 examine the
performance of the geometric Hessian metric in comparison to the
radiometric Hessian for our failure case. Since the upper-bound on
the Hessian is a purely geometric quantity, changes in the scene ge-
ometry will produce slightly different cache point distributions even
in radiometrically identical scenes; however, our results indicate that
the geometric Hessian preserves the error reduction properties of the
radiometric Hessian while being more robust to arbitrary lighting
configurations. We believe with more extensive investigation this
error metric could prove quite practical as a replacement for the
classical split-sphere heuristic.

Our goal is to achieve improved cache point placement without
resorting to finely-tuned minimum and maximum radii. In practice,
some form of conservative radius clamping should be used since
under-sampling could always produce arbitrarily inaccurate radii.
However, the error metric should ideally provide reasonable results
without clamping. In Figure 21 we show that the geometric Hessian
error metric is quite robust to under-sampling and noisy input with-
out the need for clamping. Even when using only 16 gather rays

2To retain the physical meaning of the error threshold e t we could also
estimate the maximum radiance in the scene by e.g. using the maximum of
the precomputed photon radiances in a photon map [Christensen 1999].
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Fig. 21: This example illustrates the robustness of the geometric
Hessian-based radius estimation even in the presence of under-
sampling and strong noise. We only trace 16 gather rays per cache
point and multiply each gather ray’s radiance by a uniform random
value between 0 and 2. While the irradiance estimate is very noisy,
the maximum eigenvalue of the Hessian can already be estimated
robustly, leading to a good distribution of cache points.

over the hemisphere with noise artificially injected in the radiance,
this metric is able to robustly produce high-quality distributions.

8.4 Anisotropic Error Metric for Irradiance Caching
The Hessian in Equation (68) in fact describes a quadric surface
which gives us a natural way to obtain anisotropic (elliptical) cache
points. Working in the coordinate system defined by the principle
curvatures (eigenvectors v1,v2 of the Hessian matrix with corre-
sponding eigenvalues/curvatures l1 and l2), we can express the
integrated error in the vicinity of the cache point as:
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dydx. (72)

The shape that maximizes the surface area of the cache point
while minimizing the integrated error is an ellipse with axes v1 and
v2. Inverting this equation provides us with the radii along these
axes:
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Discussion. In Figure 22 we demonstrate the benefits of
anisotropic irradiance caching. We use the geometric Hessian from
the previous section and extract elliptical cache points using Equa-
tion (73). We visualize the cache points as well as their circular
and elliptical regions and the resulting error over the image. Us-
ing roughly 256 cache points, anisotropic cache points provides an
additional 40% reduction in error.

The idea of anisotropic cache points was first suggested by Herzog
et al. [2009] for accelerating gathering from Lightcuts [Walter et al.
2005]. They used the split-sphere heuristic combined with neighbor
clamping [Křivánek et al. 2006] but reduced the radius along the
gradient direction to produce elliptical cache points. Unfortunately
since their anisotropic cache points are obtained from the gradient,
the eccentricity of all cache points must be set by the user. Our
Hessian-based approach could easily be applied within their context
and deduces the eccentricity automatically in a principled fashion
by minimizing error.
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• However,	  a	  purely	  radiometric	  approach	  will	  always	  have	  common	  failure	  cases,	  for	  instance	  if	  we	  simply	  change	  the	  blocker	  to	  
be	  perfectly	  black,	  we	  can	  get	  in	  situa1ons	  where	  the	  irradiance	  and	  all	  its	  deriva1ves	  are	  0,	  leading	  to	  infinite	  radii

• The	  solu1on	  we	  propose	  for	  this	  is	  to	  use	  a	  conserva1ve	  lower	  bound	  on	  the	  radiance	  returned	  by	  each	  final	  gather	  ray	  when	  
compu1ng	  the	  Hessian.

• And,	  because	  this	  ends	  up	  being	  propor1onal	  to	  the	  integrated	  hessian	  of	  the	  geometry	  term,	  we	  call	  this	  the	  Geometric	  
Hessian
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Fig. 20: A simple modification of Figure 19 where the occluder is
nearly black. A purely radiometric error metric (top) can have diffi-
culty robustly handling regions of (nearly) black irradiance. These
metrics can predict unbounded cache point radii when the irradiance
and all gradients are zero. Our solution using the Geometric Hessian
(bottom) robustly resolves this issue, producing well-behaved cache
point distributions.

therefore replace the maximum radiance with a canonical value2

Lmax = 1.
Inserting this Hessian bound in place of Hx(E3D) in Equation (68)

gives us a conservative error bound, which we can solve in a similar
fashion as Equation (70). We call this our geometric Hessian metric.

Discussion. The bottom two rows of Figure 20 examine the
performance of the geometric Hessian metric in comparison to the
radiometric Hessian for our failure case. Since the upper-bound on
the Hessian is a purely geometric quantity, changes in the scene ge-
ometry will produce slightly different cache point distributions even
in radiometrically identical scenes; however, our results indicate that
the geometric Hessian preserves the error reduction properties of the
radiometric Hessian while being more robust to arbitrary lighting
configurations. We believe with more extensive investigation this
error metric could prove quite practical as a replacement for the
classical split-sphere heuristic.

Our goal is to achieve improved cache point placement without
resorting to finely-tuned minimum and maximum radii. In practice,
some form of conservative radius clamping should be used since
under-sampling could always produce arbitrarily inaccurate radii.
However, the error metric should ideally provide reasonable results
without clamping. In Figure 21 we show that the geometric Hessian
error metric is quite robust to under-sampling and noisy input with-
out the need for clamping. Even when using only 16 gather rays

2To retain the physical meaning of the error threshold e t we could also
estimate the maximum radiance in the scene by e.g. using the maximum of
the precomputed photon radiances in a photon map [Christensen 1999].
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Fig. 21: This example illustrates the robustness of the geometric
Hessian-based radius estimation even in the presence of under-
sampling and strong noise. We only trace 16 gather rays per cache
point and multiply each gather ray’s radiance by a uniform random
value between 0 and 2. While the irradiance estimate is very noisy,
the maximum eigenvalue of the Hessian can already be estimated
robustly, leading to a good distribution of cache points.

over the hemisphere with noise artificially injected in the radiance,
this metric is able to robustly produce high-quality distributions.

8.4 Anisotropic Error Metric for Irradiance Caching
The Hessian in Equation (68) in fact describes a quadric surface
which gives us a natural way to obtain anisotropic (elliptical) cache
points. Working in the coordinate system defined by the principle
curvatures (eigenvectors v1,v2 of the Hessian matrix with corre-
sponding eigenvalues/curvatures l1 and l2), we can express the
integrated error in the vicinity of the cache point as:
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dydx. (72)

The shape that maximizes the surface area of the cache point
while minimizing the integrated error is an ellipse with axes v1 and
v2. Inverting this equation provides us with the radii along these
axes:
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Discussion. In Figure 22 we demonstrate the benefits of
anisotropic irradiance caching. We use the geometric Hessian from
the previous section and extract elliptical cache points using Equa-
tion (73). We visualize the cache points as well as their circular
and elliptical regions and the resulting error over the image. Us-
ing roughly 256 cache points, anisotropic cache points provides an
additional 40% reduction in error.

The idea of anisotropic cache points was first suggested by Herzog
et al. [2009] for accelerating gathering from Lightcuts [Walter et al.
2005]. They used the split-sphere heuristic combined with neighbor
clamping [Křivánek et al. 2006] but reduced the radius along the
gradient direction to produce elliptical cache points. Unfortunately
since their anisotropic cache points are obtained from the gradient,
the eccentricity of all cache points must be set by the user. Our
Hessian-based approach could easily be applied within their context
and deduces the eccentricity automatically in a principled fashion
by minimizing error.
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Fig. 19: We compare the split-sphere heuristic for computing cache point radii to our Hessian-based error metric for the simple 3D scenes in
Figure 17. All methods use roughly 1000 cache points. We analyze the cache point distribution and error when viewing the floor from above.
For the split-sphere methods we also show the results when the black wall on the right is removed. Our radiometric Hessian metric provides a
2⇥ to 20⇥ reduction in error compared to split-sphere heuristics with identical results regardless of whether the black wall is present.

synthetic scenes may often have such configurations by e.g. only
simulating a small number of indirect bounces.

8.3 Geometric Hessian Error for Irradiance Caching
To address the issues with the radiometric Hessian and obtain a met-
ric which is robust to arbitrary lighting configurations we consider
a conservative bound on the radiometric Hessian error defined in
Equation (68). We first note that the magnitude of the Hessian’s
eigenvalues are directly proportional to the radiance over the hemi-
sphere, e.g. if the radiance is doubled then the eigenvectors also
double. We could therefore conservatively bound the Hessian er-
ror by replacing the incident radiance L in Equation (65) with the

maximum radiance Lmax of any surface in the scene:

Hx(Emax
3D ) =

Z

a
Lmax Hx(G3D) da(y). (71)

With this change, the maximum Hessian of the irradiance reduces
to the integral of the Hessian of the geometry term: Hx(Emax

3D ) µR
Hx(G3D). Unfortunately, estimating Lmax is difficult in practice.

However, since it is a constant for the entire scene, changing it
simply applies a different global scaling factor to all cache point
radii. We fold this scaling factor into the user parameter et , and can
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• Using	  this	  instead	  of	  the	  radiometric	  Hessian	  eliminates	  these	  problems,	  and	  provides	  nice	  sample	  distribu1ons	  even	  for	  these	  
failure	  cases
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Fig. 22: A comparison of isotropic (left) and anisotropic (right) cache points using our geometric Hessian error metric for the box scene in
Figure 19. We visualize the distribution and shape of the cache points and also show the resulting per-pixel error. With the same number of
cache points, anisotropic cache points produce lower RMS error over the image. For visualization with minimum overlap we scale the radii of
the cache points by half. In reality all areas of the domain are covered by at least one cache point.

9. CONCLUSION AND FUTURE WORK
We presented a comprehensive theory of 2D global illumination
which allowed us to implement and easily analyze standard global
illumination algorithms in 2D. We used our framework to perform a
second-order analysis of global illumination and extended this anal-
ysis to obtain practical improvements for irradiance caching in 3D.
We showed, for the first time, that a principled error metric derived
from a second-order Taylor expansion of the irradiance provides
practical benefits over the long-standing split-sphere heuristic. Our
analysis suggests future work in a number of directions.

We performed derivations and initial analysis of our Hessian-
based error metrics on simple scenes in 2D and 3D. We are confident
that our initial exploration will result in a more practical irradiance
caching algorithm after more careful analysis on a large collection
of complex scenes. We leave this practical investigation as future
work to our theoretical analysis.

Our process of extending 2D Hessians to 3D highlighted a previ-
ously overlooked issue in the stratified gradient formulation which
prevents generalization to Hessians. Though our Hessian-based error
metrics compare favorably to the split-sphere approaches, our 2D
analysis shows that occlusion-aware Hessians could provide further
improvements. We believe the most promising approach for obtain-
ing an occlusion-aware Hessian is to consider the movement of the
corners of each stratum instead of the edges. This was done previ-
ously for irradiance Jacobians for polygonal scenes [Arvo 1994] and
Hessians of radiosity [Holzschuch and Sillion 1995; Holzschuch
1996; Holzschuch and Sillion 1998].

Our error metric computes radii by assuming a first-order Taylor
expansion from cache points and using the second-order expansion
only to approximate the remaining error. Though we found that
second-order Taylor expansion provides some benefits in reconstruc-
tion error, care must be taken when computing the maximum radii to
avoid over-shooting the ground-truth solution. To use second-order
expansion, the principled approach would be to derive a third-order
derivative of the irradiance (a rank-2 tensor) to approximate the re-
maining error. Unfortunately, the resulting complexity would likely
outweigh the advantages. Instead, we could naı̈vely use second-order
expansion together with our radius calculation, though overshoot-
ing would need to be resolved. Investigating a practical solution
for second-order expansion could be a promising avenue for future
work.

Another avenue of future work could investigate different defini-
tions of error minimized by the radius computation. We investigated
a number of choices for error, including average error, average
squared error, relative error, and integrated squared difference, but
found that minimizing total error produced results with the lowest
RMS error over the image. However, though we minimize total
integrated error for each cache point, we reported the RMS error
for the image. These two metrics are related but distinct. A excit-
ing possibility for future work is to couple the error metric used
to access the quality of the rendered image with the error thresh-
old minimized by the radius computation. This could confirm that
the radius calculation in fact minimizes the desired error over the
image. It may also be possible to incorporate elements of percep-
tual error metrics such as visible difference predictors [Daly 1993]
and structural similarity [Wang et al. 2004] directly into the radius
calculation.
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• Finally,	  since	  our	  error	  is	  based	  on	  the	  Hessian,	  in	  3D	  the	  Hessian	  retains	  anisotropic	  structure.
•We	  can	  therefore	  easily	  replace	  our	  circular	  cache	  points,	  with	  ellip1cal	  cache	  points,	  where	  the	  ellipse	  radii	  are	  determined	  by	  
the	  two	  eigenvalues	  of	  the	  Hessian	  and	  the	  major	  and	  minor	  axes	  are	  the	  eigenvectors

• This	  improves	  the	  reconstruc1on	  quality
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Fig. 22: A comparison of isotropic (left) and anisotropic (right) cache points using our geometric Hessian error metric for the box scene in
Figure 19. We visualize the distribution and shape of the cache points and also show the resulting per-pixel error. With the same number of
cache points, anisotropic cache points produce lower RMS error over the image. For visualization with minimum overlap we scale the radii of
the cache points by half. In reality all areas of the domain are covered by at least one cache point.

9. CONCLUSION AND FUTURE WORK
We presented a comprehensive theory of 2D global illumination
which allowed us to implement and easily analyze standard global
illumination algorithms in 2D. We used our framework to perform a
second-order analysis of global illumination and extended this anal-
ysis to obtain practical improvements for irradiance caching in 3D.
We showed, for the first time, that a principled error metric derived
from a second-order Taylor expansion of the irradiance provides
practical benefits over the long-standing split-sphere heuristic. Our
analysis suggests future work in a number of directions.

We performed derivations and initial analysis of our Hessian-
based error metrics on simple scenes in 2D and 3D. We are confident
that our initial exploration will result in a more practical irradiance
caching algorithm after more careful analysis on a large collection
of complex scenes. We leave this practical investigation as future
work to our theoretical analysis.

Our process of extending 2D Hessians to 3D highlighted a previ-
ously overlooked issue in the stratified gradient formulation which
prevents generalization to Hessians. Though our Hessian-based error
metrics compare favorably to the split-sphere approaches, our 2D
analysis shows that occlusion-aware Hessians could provide further
improvements. We believe the most promising approach for obtain-
ing an occlusion-aware Hessian is to consider the movement of the
corners of each stratum instead of the edges. This was done previ-
ously for irradiance Jacobians for polygonal scenes [Arvo 1994] and
Hessians of radiosity [Holzschuch and Sillion 1995; Holzschuch
1996; Holzschuch and Sillion 1998].

Our error metric computes radii by assuming a first-order Taylor
expansion from cache points and using the second-order expansion
only to approximate the remaining error. Though we found that
second-order Taylor expansion provides some benefits in reconstruc-
tion error, care must be taken when computing the maximum radii to
avoid over-shooting the ground-truth solution. To use second-order
expansion, the principled approach would be to derive a third-order
derivative of the irradiance (a rank-2 tensor) to approximate the re-
maining error. Unfortunately, the resulting complexity would likely
outweigh the advantages. Instead, we could naı̈vely use second-order
expansion together with our radius calculation, though overshoot-
ing would need to be resolved. Investigating a practical solution
for second-order expansion could be a promising avenue for future
work.

Another avenue of future work could investigate different defini-
tions of error minimized by the radius computation. We investigated
a number of choices for error, including average error, average
squared error, relative error, and integrated squared difference, but
found that minimizing total error produced results with the lowest
RMS error over the image. However, though we minimize total
integrated error for each cache point, we reported the RMS error
for the image. These two metrics are related but distinct. A excit-
ing possibility for future work is to couple the error metric used
to access the quality of the rendered image with the error thresh-
old minimized by the radius computation. This could confirm that
the radius calculation in fact minimizes the desired error over the
image. It may also be possible to incorporate elements of percep-
tual error metrics such as visible difference predictors [Daly 1993]
and structural similarity [Wang et al. 2004] directly into the radius
calculation.
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■ 2D	  Light	  Transport	  is	  useful
• Second-‐order	  Analysis	  of	  2D	  GI

• Hessian	  enhancements	  for	  Irradiance	  Caching

• More	  examples	  in	  the	  paper
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• So	  I	  hope	  these	  examples	  convince	  you	  that	  2D	  light	  transport	  theory	  can	  provide	  prac1cal	  insights	  for	  3D	  rendering
• I	  do	  encourage	  you	  to	  read	  the	  paper,	  which	  covers	  several	  more	  examples	  including:	  recursive	  monte	  carlo	  ray	  tracing,	  path	  
tracing,	  and	  more
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• There	  are	  s1ll	  many	  things	  to	  consider	  in	  future	  work
• Firstly,	  though	  we	  have	  received	  posi1ve	  anecdotal	  feedback	  when	  using	  our	  2D	  theory	  for	  teaching	  a	  rendering	  class,	  a	  full	  
user	  study	  would	  really	  be	  needed	  to	  gauge	  this	  benefit

• Also,	  our	  theory	  currently	  ignores	  par1cipa1ng	  media	  but	  it	  would	  be	  possible	  to	  derive	  a	  2D	  volume	  rendering	  equa1on	  for	  
similar	  benefits

• Finally,	  our	  proposed	  hessian-‐error	  control	  shows	  promise,	  but	  this	  was	  just	  a	  proof-‐of-‐concept.	  More	  valida1ons	  are	  needed	  
on	  complex	  scenes,	  and,	  account	  for	  visibility	  in	  the	  Hessian	  is	  s1ll	  an	  open	  problem

•We	  have	  in	  fact	  been	  working	  on	  this	  second	  part,	  and	  have	  come	  up	  with	  a	  prac1cal	  solu1on	  which	  we	  are	  happy	  was	  just	  
condi1onally	  accepted	  to	  SIGGRAPH	  Asia.
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• Here	  is	  just	  a	  quick	  teaser,	  which	  shows	  that	  using	  an	  occlusion-‐aware	  version	  of	  our	  method,	  with	  some	  further	  
enhancements,	  we	  can	  handle	  complex	  scenes	  like	  this,	  and	  resolve	  indirect	  illumina1on	  much	  more	  robustly	  than	  the	  split-‐
sphere.
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