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Fig. 1. We propose an efficient sampling technique for modulated light transport, including temporally modulated continuous-wave time-of-flight (CW-ToF)

and spatially modulated structured light systems. The key idea is to form antithetic pairs by geometrically deforming the primal path such that the modulation

terms have opposite signs. We demonstrate the usefulness of our method for reducing variance in MC rendering and in various downstream applications.

We propose a geometric antithetic sampling strategy for efficiently rendering

spatiotemporally modulated light, encompassing continuous-wave time-of-

flight (CW-ToF) and structured light systems. This is motivated by observing

that modulated light transport can be decomposed into a slowly varying

geometric term and a rapidly oscillating modulation term, where the latter

dominates variance. Our key idea is to construct antithetic sample pairs by

geometrically deforming a light path so that the modulation term changes

sign while preserving similarity in the underlying transport. In both CW-ToF

and structured light, antithetic samples lie on an antithetic manifold—the

set of configurations with opposite modulation—and we search along it to

find the path most similar to a given reference path, thereby maintaining

strong negative correlation between paired samples. For CW-ToF, this corre-

sponds to shifting paths in optical path-length space, while for structured

light, it involves deforming emitter samples along the spatial modulation

manifold in projector-coordinate space. By unifying both cases under this

geometric deformation framework, our method cancels high-frequency mod-

ulation components through paired samples, leading to significant variance

reduction and enabling more efficient simulation of coded illumination and

sensing systems in computational imaging.

CCS Concepts: • Computing methodologies→ Ray tracing; Computa-
tional photography.
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1 Introduction

Modulated light sources play a critical role in many computational

imaging systems. By encoding information into the temporal or

spatial variation of illumination, these systems enable the recovery

of scene geometry and appearance beyond what is possible with

conventional intensity measurements [Zanuttigh et al. 2016]. Two

prominent examples are (1) continuous-wave time-of-flight (CW-

ToF), which uses temporally modulated illumination to estimate

time-of-flight encoded in the phase delay, and (2) structured light,

which uses spatially modulated projection patterns to reconstruct

scene geometry from their observed deformation (Fig. 1). In this

work, we show that light transport in both CW-ToF and structured-

light systems can be formulatedwithin a unified framework inwhich

the measured signal is expressed as a path integral augmented by a

path-dependent modulation function. This path-space perspective

reveals a shared structure between these otherwise distinct imag-

ing modalities, suggesting a common strategy for their efficient

simulation—the antithetic sampling approach we propose.

Accurately simulating light transport under modulated illumina-

tion is crucial for both system design and algorithm development.

Many existing computational imaging methods rely on simplified
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forward models that assume direct illumination. However, in real-

world scenarios, global illumination effects such as interreflections,

shadows, and indirect scattering significantly influence the mea-

sured signal. Ignoring these effects can lead to systematic errors

in reconstruction algorithms and limit the performance of sensing

systems. Therefore, a physically accurate rendering framework that

accounts for full light transport under modulated illumination is

highly desirable, as it enables a better understanding of measure-

ment formation and facilitates the development of more robust and

accurate reconstruction techniques.

A key challenge in simulating modulated light transport lies in

the presence of a highly oscillatory modulation term. While the

geometric component of light transport varies relatively smoothly,

the modulation term often introduces rapid variations that dominate

the variance of Monte Carlo (MC) estimators. Naive MC sampling

fails to efficiently handle such oscillatory behavior, as independently

sampled paths exhibit poor modulation correlation, leading to slow

convergence. Addressing this challenge requires sampling strategies

that explicitly exploit the structure of the modulation term.

In this work, we propose an efficient antithetic sampling strategy

for modulated light transport. Our approach constructs correlated

sample pairs by geometrically deforming an existing light path so

that the associated modulation terms become antithetic—i.e., equal

in magnitude but opposite in sign—while preserving similarity in the

underlying geometric transport quantity. This effectively cancels the

oscillatory component of the signal and significantly reduces vari-

ance. Our unified formulation enables efficient variance reduction

across both temporal and spatial modulation settings, providing a

practical framework for rendering various modulated light transport

scenarios in computational imaging systems.

The code and data are available on the project page
1
.

2 Related Works

2.1 Modulated Light in Computational Imaging

Modulated imaging systems can be broadly interpreted as employing

either temporal or spatial modulation.

Continuous-wave time-of-flight (CW-ToF), also referred to as

indirect Time-of-Flight (iToF), is a representative technique in com-

putational imaging that uses temporally modulated illumination. It

uses amplitude-modulated continuous-wave (AMCW) illumination

and infers time-of-flight from the phase shift between the emitted

and received signals, thereby providing scene depth [Hansard et al.

2012; Horaud et al. 2016]. Such systems have been widely adopted

because of their high acquisition speed and compact hardware de-

sign, and have found broad applications in robotics [Alenyà et al.

2014; Foix et al. 2011], autonomous driving [Li and Ibanez-Guzman

2020], and consumer depth cameras [Izadi et al. 2011].

Structured light is a representative spatially modulated imaging

technique in which coded illumination patterns are projected onto

a scene and observed by a camera [Zanuttigh et al. 2016]. Scene

geometry can then be reconstructed by analyzing the spatial de-

formation or correspondence of the projected patterns. Common

structured light approaches include binary coding patterns such

as Gray codes [Salvi et al. 2004] and sinusoidal fringe projection

1
https://juhyeonkim95.github.io/project-pages/antithetic_modulation

profilometry (FPP) [Zuo et al. 2018]. Compared to passive stereo

methods, structured light often provides higher reconstruction ac-

curacy and robustness in textureless regions.

Both CW-ToF and structured light systems are typically based on

a single-bounce imaging model and therefore suffer from artifacts

caused by global illumination, commonly referred to as multipath
interference. A common solution is to employ high-frequency mod-

ulation, where rapidly oscillating positive and negative modulation

components tend to cancel out under global illumination [Nayar

et al. 2006]. For example, some CW-ToF systems employ GHz-range

modulation [Baek et al. 2023; Gupta et al. 2015], while some struc-

tured light methods use high-frequency spatial patterns to reduce

indirect illumination effects [Gupta et al. 2011; Nayar et al. 2006].

Our antithetic sampling is particularly well suited for simulating

such high-frequency modulated indirect transport, enabling accu-

rate evaluation of subtle multipath effects as well as the analysis

and design of new modulation codes.

2.2 Modulated Light Rendering

CW-ToF belongs to a family of ToF imaging systems, but many exist-

ing ToF rendering approaches focus on simulating either transient

image sequences [Jarabo et al. 2014; Marco et al. 2017] or time-gated

images within narrow temporal gates [Liu et al. 2022; Pediredla et al.

2019]. These formulations are not directly applicable to CW-ToF,

which involves temporally modulated measurements. One of the

most relevant works is that of Kim et al. [2023], who proposed ef-

ficient rendering methods for Doppler ToF cameras, a variant of

CW-ToF cameras designed for velocity imaging [Heide et al. 2015].

They employ temporal antithetic sampling with path correlation to

handle one-period modulation over the exposure time in dynamic

scenes. In contrast, we assume static scenes and perform antithetic

sampling by geometrically deforming paths to achieve opposite mod-

ulation. Another important inspiration comes from Kim et al. [2026],

who introduce path-length-aware shift mapping to preserve path

length during ReSTIR-style path reuse [Bitterli et al. 2020; Lin et al.

2022]. We also exploit this formulation for CW-ToF, but adapt the

path length increment to satisfy the antithetic condition.

Structured light has been studied much less from a rendering per-

spective. Several works employed image-based rendering for live

performance simulation [Jones et al. 2006] or physically based ren-

dering to reproduce benchmark structured-light systems [Medeiros

et al. 2014]. In contrast, our work focuses more on MC variance

reduction by explicitly considering the underlying light transport.

2.3 Antithetic Sampling

Antithetic sampling is a variance reduction technique that exploits

two negatively correlated samples [Hammersley and Morton 1956].

It has found various applications in rendering, including improved

jittered sampling [Subr et al. 2014], differentiable rendering [Ban-

garu et al. 2020; Wu et al. 2021; Yu et al. 2022; Zhang et al. 2021],

gradient-domain rendering [Kettunen et al. 2015; Manzi et al. 2016]

and residual rendering [Xu et al. 2024]. To construct highly cor-

related sample pairs, these works employ specially designed path-

mapping functions, often referred to as shift mappings, which can

be implemented either in primary sample space [Hua et al. 2019;
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Manzi et al. 2016] or through vertex reconnection [Kettunen et al.

2015]. In our work, however, the modulation condition constrains

the antithetic path sample to lie on a specific antithetic manifold
(similar to the specular manifold [Jakob and Marschner 2012], but

defined by the modulation value), preventing us from directly ap-

plying existing shift-mapping methods. Instead, we minimize the

displacement toward the manifold to preserve path similarity, as

in Kim et al. [2026], but our use of antithetic sampling enables a

simplified MIS evaluation that was not possible in their setting.

3 Proposed Method

3.1 Modulated Light Transport

The standard path-integral formulation of light transport [Veach

1997] is

𝐼 =

∫
P
𝑓 (x) d𝜇 (x), (1)

where 𝐼 denotes the measurement at a pixel, P is the space of all

possible light paths x = (x0, . . . , x𝐾 ), with x0 at the camera and x𝐾
at the emitter, 𝑓 (x) is the path throughput containing the geometric,

BSDF, emission, and visibility terms, and d𝜇 (x) denotes the path-
space measure.

Modulated light transport can similarly be expressed as

𝐼 =

∫
P
𝑓 (x)𝑚(x) d𝜇 (x), (2)

where𝑚(x) is a path-dependent modulation term. For CW-ToF, it

depends on the path length, whereas for structured light, it depends

on the projector coordinates.

Zero-mean Modulation. Any modulation𝑚 can be decomposed

into a constant DC component 𝑚DC and a zero-mean (over one

period) oscillatory component𝑚:

𝑚(x) =𝑚DC +𝑚(x). (3)

Substituting this decomposition into Eq. (2) gives

𝐼 =𝑚DC

∫
P
𝑓 (x) d𝜇 (x) +

∫
P
𝑓 (x)𝑚(x) d𝜇 (x). (4)

The first term is a scaled standard path integral and can therefore

be estimated using conventional rendering methods. Our antithetic

method targets the second term, particularly in high-frequency

settings where positive and negative modulation values alternate

rapidly over path space. The full physical measurement can be re-

covered by adding the DC term. Note that the unmodulated integral

is independent of the modulation pattern, so it can be rendered once

and shared across multiple patterns, as is common in modulated-

light applications. For simplicity, we will use𝑚 to denote𝑚 through-

out the remainder of the paper.

3.2 Antithetic Sampling for Modulated Light Transport

Our key idea is to apply antithetic sampling, a technique widely

used in the rendering literature (see Sec. 2.3), but to cancel opposing

modulation contributions in the modulated path integral:

𝑚(x𝑝 ) = −𝑚(x𝑎), 𝑓 (x𝑝 ) ≈ 𝑓 (x𝑎) 𝐽𝑇 , (5)

where x𝑝 is a primal path, x𝑎 =𝑇 (x𝑝 ) is an antithetic path via map-

ping 𝑇 : P → P and 𝐽𝑇 =
��
dx𝑎/dx𝑝

��
is the Jacobian determinant

of the mapping. Because 𝑇 operates directly in path space by geo-

metrically deforming the primal path, we refer to our approach as

geometric antithetic sampling. The opposite-modulation condition

is enforced by construction, whereas the path throughput similar-

ity is a variance-reduction objective rather than a requirement for

unbiasedness. When the approximation is accurate, the paired con-

tributions largely cancel, reducing variance. Unbiasedness is instead

ensured by the MIS estimator introduced in the following section,

even when path similarity is poor or 𝑇 does not exist.

Our overall strategy is to find a path with exactly opposite modu-

lation while preserving the path throughput, as described in Eq. (5).

In fact, enforcing a particular modulation value defines a thin mani-

fold in the path space,M(𝑙) = {x | 𝑚(x) = 𝑙}, which we refer to as

the modulation manifold (red lines in Fig. 2). Given a primal sample

x𝑝 , the condition𝑚(x𝑎) = −𝑚(x𝑝 ) similarly defines a manifold of

possible antithetic paths x𝑎 , which we call the antithetic manifold
(dotted red line crossing p′ in Fig. 2). In general, finding a point on

the antithetic manifold that also preserves path throughput is highly

challenging. Instead, we seek a mapping 𝑇 that reaches the anti-

thetic manifold while minimizing geometric displacement, based on

the intuition that smaller path deformation leads to more similar

path throughput.

Antithetic MIS Estimator. Exploiting multiple importance sam-

pling (MIS) between primal and antithetic samples yields

𝐼 =𝑤MIS

𝑝 (x𝑝 )
𝑓 (x𝑝 )𝑚(x𝑝 )

𝑝𝑝 (x𝑝 )
+𝑤MIS

𝑎 (x𝑎)
𝑓 (x𝑎)𝑚(x𝑎)

𝑝𝑎 (x𝑎)
. (6)

Each MIS weight𝑤MIS
from the balance heuristic is given by

𝑤MIS

𝑝 (x𝑝 ) =
𝑝𝑝 (x𝑝 )

𝑝𝑝 (x𝑝 ) + 𝑝𝑎 (x𝑝 )
, 𝑤MIS

𝑎 (x𝑎) =
𝑝𝑎 (x𝑎)

𝑝𝑎 (x𝑎) + 𝑝𝑝 (x𝑎)
, (7)

where 𝑝𝑝 is the PDF of the primal sample and 𝑝𝑎 is the PDF of the

antithetic sample, given by 𝑝𝑎 (x) = 𝑝𝑝 (𝑇 −1 (x))/𝐽𝑇 . In fact, MIS

between mapped paths is important not only for reducing variance

but also for guaranteeing unbiasedness when the mapping fails (e.g.,

visibility change or discontinuity), which is already known in the

shift-mapping literature (see Lin et al. [2022] for details). In this

case, the antithetic proposal has zero density, yielding𝑤MIS

𝑝 = 1 and

𝑤MIS

𝑎 = 0; the estimator therefore falls back to the primal estimator

without introducing bias.

Simplified MIS Weight Evaluation. One caveat in evaluating MIS

weights is that to obtain 𝑝𝑎 (x𝑝 ), we need to evaluate𝑇 −1 (x𝑝 ), which
corresponds to another sample distinct from x𝑝 and x𝑎 . However, if
the mapping is involutory, i.e., 𝑇 (𝑇 (x𝑝 )) = x𝑝 , then 𝑇 −1 (x𝑝 ) = x𝑎 ,
so we do not need to evaluate an additional mapping. Therefore,

it is desirable for the mapping function to be involutory, as this

effectively halves the computational cost of performing the anti-

thetic mapping. More generally, if 𝑇 is stochastically chosen from

two transforms {𝑇1,𝑇2} satisfying the inverse relation 𝑇 −1
1

= 𝑇2
(e.g., path-length increase and decrease) with equal probability, MIS

weights can be evaluated without computing an additional map-

ping. The derivation is provided in the supplementary material. It is

worth noting that this MIS simplification generally does not apply to

standard shift-mapping methods including Kim et al. [2026], which

operate between distinct base and offset path domains,𝑇 : P → P′.
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Fig. 2. Geometric construction of antithetic sample pairs for two imaging

modalities. (A) For CW-ToF, the antithetic manifold consists of paths whose

lengths differ by half a wavelength (𝛿ℓ = ±𝜆/2). An average-gradient con-

straint selects a geometrically similar antithetic path while maintaining

bijectivity. (B) For structured light, the antithetic manifold is determined

directly by projector coordinates with opposite pattern values.

Even if𝑇 and𝑇 −1 are bijective, the distinction between the domains

must be retained when evaluating the corresponding densities. On

the other hand, in our antithetic setting, both samples belong to

the same path domain, 𝑇 : P → P, enabling the simplified MIS

evaluation.

The actual antithetic strategy depends on the imaging modality.

In the following sections, we discuss antithetic sampling for CW-ToF

(temporally modulated) and structured light (spatially modulated).

3.3 Antithetic Sampling for CW-ToF

CW-ToF is a time-of-flight imaging system in which the modulation

term depends on a path-length importance function𝑊 , defined by

the correlation of two temporal modulation signals:

𝑚(x) =𝑊 (ℓ (x)) ≔
∫ 𝑇exp

0

𝑠 (𝑡)𝑔(𝑡 − ℓ (x)/𝑐) d𝑡, (8)

where 𝑠 (𝑡) and 𝑔(𝑡) denote the modulation functions at the camera

and emitter sides, respectively, and 𝑇exp is the exposure time. The

optical path length ℓ (x) is given by

∑𝐾−1
𝑘=0

𝜂𝑘 ∥x𝑘+1 − x𝑘 ∥ where 𝜂𝑘
is the refractive index of the path segment x𝑘x𝑘+1. Throughout, we
use units in which the speed of light is 𝑐 = 1, allowing optical path

length and travel time to be used interchangeably, as is common in

previous works [Kim et al. 2025, 2023; Pediredla et al. 2019].

For conventional CW-ToF systems, the modulations are sinu-

soidal, 𝑠 (𝑡) = cos(𝜔𝑡 +𝜓 ), 𝑔(𝑡) = cos(𝜔𝑡), where 𝜔 is the modula-

tion frequency and𝜓 is a phase offset. Substituting these modulation

functions yields

𝑠 (𝑡)𝑔(𝑡−ℓ (x)) = 1

2

[cos(𝜔ℓ (x) +𝜓 ) + cos(2𝜔𝑡 − 𝜔ℓ (x) +𝜓 )] . (9)

The latter high-frequency term vanishes after integration over 𝑇exp
since 𝑇exp ≫ 1/𝜔 . Therefore, we typically consider only the first

term, resulting in

𝑚(x) = cos(𝜔ℓ (x) +𝜓 ), (10)

where we omit the scale factor of 𝑇exp/2, which is a constant term.

Antithetic Sampling Strategy. Since the modulation term is given

by a sinusoidal function of the path length, our goal is to find an

antithetic path whose path length differs by half a wavelength, 𝜆/2,

where 𝜆 = 2𝜋/𝜔 , such that the modulation terms have opposite

signs
2
. To achieve this, we exploit the path-length-aware shift map-

ping proposed by Kim et al. [2026], which was originally introduced

to preserve path length after ReSTIR-style path reuse in time-gated

rendering. To elaborate, we perturb a single path vertex p in the

primal path and find an antithetic sample p′ =𝑇 (p) satisfying
ℓ (p′) = ℓ (p) + 𝛿ℓ, (11)

where ℓ (p) = |p1 − p| + |p2 − p| is the sum of distances to the

neighboring path vertices p1 and p2, and 𝛿ℓ = ±𝜆/2 is stochastically
selected with equal probability. p can be any path vertex, but for

simplicity, we limit p to the NEE vertex (i.e., the vertex immediately

preceding the emitter vertex), where p2 = x𝐾 and p = x𝐾−1. Using
a 2D coordinate parameterization of p with 𝜉 ∈ R2

(e.g., barycentric

coordinates or hemisphere coordinates from a neighboring path

vertex), this condition can be simplified to

ℓ (𝜉 ′) = ℓ (𝜉) + 𝛿ℓ . (12)

The unknown variable 𝜉 ′ is two-dimensional, whereas the path-

length condition imposes only a one-dimensional constraint. As a

result, the condition defines only an antithetic manifold, as illus-

trated in Fig. 2-(A). To resolve this ambiguity, we search along the

average-gradient direction ∇ℓavg = (∇ℓ (𝜉) + ∇ℓ (𝜉 ′)) /2; this mini-

mizes the displacement while guaranteeing bijectivity. This gives a

2D constraint 𝐹 :

𝐹 (𝜉, 𝜉 ′) =
[
ℓ (𝜉 ′) − ℓ (𝜉) − 𝛿ℓ
(𝑅∇ℓavg) · (𝜉 ′ − 𝜉)

]
=

[
0

0

]
, (13)

where 𝑅 is a 90-degree rotation matrix.

We solve for 𝜉 ′ using Newton’s method, initializing it at 𝜉 and

iteratively updating it as follows:

𝜉 ′
0
= 𝜉, 𝜉 ′

𝑘+1 ← 𝜉 ′
𝑘
−
(
𝜕𝐹

𝜕𝜉 ′
𝑘

)−1
𝐹 (𝜉, 𝜉 ′

𝑘
). (14)

We omit implementation details, such as the evaluation of the de-

rivative of 𝐹 and the mapping Jacobian, and refer readers to the

supplementary material and Kim et al. [2026] for further details.

3.4 Antithetic Sampling for Structured Light

For structured light, the modulation term depends not on the path

length but on the projector coordinates:

𝑚(x) = 𝑃 (𝜉 (x)), (15)

where 𝑃 : [0, 1]2 → R is the projector pattern and 𝜉 = (𝜉1, 𝜉2) ∈
[0, 1]2 represents the projector coordinates determined by the emitter-

connecting path segment x𝐾−1x𝐾 . We keep the notation 𝜉 consistent

with the CW-ToF formulation to show the similarity between the

two objectives. 𝑃 can be an arbitrary function, but in this work we fo-

cus on two commonly used cases: 1D sinusoidal and binary patterns

(Fig. 2-(B)), which are widely used in FPP and coded illumination,

respectively. Specifically, they can be written as

𝑃 (𝜉) = cos(𝑣), 𝑃 (𝜉) = 2𝐵(⌊𝑣⌋) − 1, (16)

where 𝑣 = 𝜉1/𝜆 (or 𝜉2/𝜆), and 𝐵 denotes a binary code (0s and 1s) of

length 𝑁 = 1/𝜆, which we assume to be periodic (e.g., a Gray code).

2
One can also use other periodic modulations (e.g., triangular, square, sawtooth), but

these may require distinct mappings to produce opposite modulation values (see Fig. 6).
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(C) Optimal Transport
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1 2 3 4 5 61 2 3 4 5 6
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Jacobian
index
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x

Fig. 3. Antithetic mappings for binary structured-light codes. (A) Periodic

codes and (B) aperiodic codes with antithetic blocks admit direct pairing.

For arbitrary codes without such blocks, we use (C) optimal transport,

with indices of 0s and 1s indicated, or (D) scale-based mapping between

contiguous blocks, with the corresponding nonuniform Jacobians shown.

Antithetic Sampling Strategy. Our goal is to find an antithetic

projector coordinate 𝜉 ′ =𝑇 (𝜉) that satisfies:

𝑃 (𝜉 ′) = −𝑃 (𝜉). (17)

This is straightforward for structured light since the antithetic man-

ifold is directly defined by the projector pattern
3
. As in CW-ToF,

there is still an additional degree of freedom, but selecting a point

on this manifold is simple: we fix one axis and shift the other axis

by half a wavelength, i.e., (𝜉1, 𝜉2) → (𝜉1 ± 𝜆/2, 𝜉2). This construc-
tion minimizes displacement in 𝜉-space while preserving bijectivity.

We omit the details for 2D patterns (e.g., 2D sinusoidal patterns or

checkerboards), but the same antithetic strategy can be applied.

Above, we assumed periodic modulation, but in practice, mod-

ulation need not be periodic, particularly for binary codes. Many

systems employ aperiodic codes composed of irregular arrange-

ments of 0s and 1s. Interestingly, antithetic sampling can still be

effectively applied even in the absence of periodicity.

3.4.1 Aperiodic Codes with Antithetic Blocks. We first consider a

simpler case in which the code can be partitioned into multiple

antithetic blocks, each containing equal numbers of 0s and 1s, as

illustrated in Fig. 3-(B). In this setting, the antithetic mapping can

be defined locally within each block rather than through a globally

uniform rule.

One example is the XOR code proposed by Gupta et al. [2011].

For the XOR-02 code (Fig. 8), constructed by taking the bitwise

XOR of a Gray-code pattern with the highest-frequency pattern,

antithetic blocks of size 2 always exist. Similarly, XOR-04 always

admits antithetic blocks of size 4. More generally, whenever a code

is composed of stacked antithetic blocks, we can exploit this local

structure to perform antithetic sampling.

3.4.2 Arbitrary Aperiodic Codes. A more challenging case arises

when such antithetic blocks cannot be identified, as shown in Fig. 3-

(C, D). Even in this setting, it is still possible to construct antithetic

mappings between code elements.

3
For binary codes, we additionally consider the fractional component to maintain a

continuous manifold.

Optimal Transport-based Mapping. The first strategy exploits

optimal transport (OT)-based mapping. OT-based mapping mini-

mizes the total displacement of the mapping, thereby preserving

path similarity as much as possible on average. More specifically,

optimal transport defines a mapping that minimizes the transport

distance between the code and its antithetic counterpart:

𝑇OT = argmin

𝑇

𝑁−1∑︁
𝑖=0

|𝑖 −𝑇 (𝑖) |, (18)

where 𝑖 = ⌊𝑣⌋ is the code index and 𝑇 (𝑖) is the antithetic mapping

satisfying 𝐵(𝑖) ≠ 𝐵(𝑇 (𝑖)). This can also be interpreted as a transport
problem between the two discrete distributions 1𝐵 (𝑖 )=0 and 1𝐵 (𝑖 )=1.
The minimum transport cost is known as the Earth Mover’s Distance
(EMD), and the optimal transport solution directly yields this value.

The effectiveness of the OT-based method depends on the EMD of

the code. When the EMD is sufficiently small, path similarity is well

preserved. In contrast, large EMD values lead to path throughput

mismatch, analogous to the degradation observed when using large

wavelengths in the periodic case.

The implementation of OT-based mapping is straightforward.

Scanning from left to right, we index the 0s and 1s independently

and match the 𝑘-th 0 to the 𝑘-th 1, as illustrated in Fig. 3-(C).

Scale-based Mapping. Another possible strategy is scale-based

mapping, which maps contiguous blocks of 0s and 1s, as shown

in Fig. 3-(D). This method better preserves locality, but because

the interval sizes are generally unequal, the Jacobian determinant

𝐽𝑇,𝜉 = |𝜕𝜉 ′/𝜕𝜉 | is no longer equal to 1, and therefore the cancellation
is not perfect. A detailed comparison of the mapping strategies is

provided in the results section (Sec. 4.4).

4 Results

We implement the proposed algorithm on top of the Falcor frame-

work [Kallweit et al. 2022]. We assume a point light source for CW-

ToF and a pinhole projector for structured light. For most figures,

we visualize only indirect illumination, since direct illumination

is trivial under our setting. Additionally, because the modulation

is zero-mean, we use a diverging luminance colormap to better

highlight the oscillatory global-illumination components. All exper-

iments are compared using equal time budgets.

4.1 Rendering Comparison

Wavelength Comparison. We first compare the rendering perfor-

mance of the proposed antithetic samplingmethod against naiveMC

sampling. Specifically, we evaluate the mean squared error (MSE) of

both CW-ToF and structured light rendering under sinusoidal mod-

ulation with different wavelengths. The results are shown in Fig. 4,

with corresponding rendered images provided in Fig. 10. Compared

to naive sampling, antithetic sampling is significantly more effec-

tive at canceling high-frequency global modulation. However, its

effectiveness decreases as the modulation wavelength increases.

This occurs because longer spatial wavelengths require larger dis-

placements to construct antithetic pairs, reducing path similarity.

For CW-ToF, larger displacements also increase the failure rate of

Newton’s method, as explained further in the following paragraph.

We empirically find that antithetic sampling is more effective when
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Fig. 4. Equal-time MSE comparison of naive and antithetic sampling across

three scenes (0.3, 1.2, and 1.2 s, respectively) and modulation wavelengths.

Antithetic sampling performs best at shorter wavelengths, where paired

paths remain geometrically similar, but its advantage decreases as wave-

length increases. Corresponding images are shown in Fig. 10.

the modulation wavelength is below a threshold of approximately

1% − 10% of the scene scale.

Newton Iteration Statistics for CW-ToF. We report statistics of the

Newton solver for CW-ToF across different wavelengths in Fig. 5,

using the experiments shown in Fig. 4. As the wavelength increases,

the required path deformation becomes larger, reducing the success

rate and increasing the average number of iterations. Neverthe-

less, successful mappings typically converge within two to three

iterations, using a convergence tolerance of 0.001𝜆.

For the 2D parameterization, we use local barycentric coordinates,

which work well in most scenes. However, ray-tracing-based global

coordinates may be preferable for scenes composed only of tiny

primitives, where local coordinates frequently cross boundaries

and cause mapping failures. Further details are provided in the

supplementary material.
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Fig. 5. Newton solver success rate and average iteration count for CW-

ToF in Fig. 4. The black line shows the success rate, while the red line

shows the average number of iterations. Longer wavelengths require larger

path deformations, resulting in lower success rates and more iterations.

Successful mappings generally converge within two to three iterations.

Computational Overhead. We report the computational overhead

of antithetic sampling using the proposed mapping in Tab. 1. We

measure the average SPP achieved under the same time budget

in Fig. 4. The overhead varies with scene complexity, ranging from

65.4% to 150.7% for CW-ToF and from 32.2% to 91.1% for structured

Table 1. Average SPP and overhead across the experiments in Fig. 4.

CW-ToF Structured Light

Scene (SPP) Naive Anti. Overhead Naive Anti. Overhead

Cornell Box 302.9 183.3 65.4% 292.4 225.0 32.2%

Staircase 539.0 268.4 101.1% 575.1 377.0 57.6%

Kitchen 515.5 206.8 150.7% 514.9 284.0 91.1%

light. CW-ToF has higher overhead because constructing an anti-

thetic path requires an iterative process, whereas structured-light

mappings are evaluated directly in projector coordinates.

Waveform Comparison. We compare different modulation wave-

forms, including triangular, square, and sawtooth waves, for struc-

tured light with 𝜆 = 0.01 in Fig. 6. For triangular and square waves,

which we define to be symmetric about the center of each period,

translating by 𝜆/2 produces an antithetic pair (𝜉, 𝜉 + 0.5𝜆), similar to

sinusoidal modulation. In contrast, such a translation does not pro-

duce perfectly matching antithetic pairs for sawtooth waves; instead,

a mirror mapping (𝜉, 𝜆−𝜉) is required to obtain opposite modulation

(we omit the modulo-𝜆 for simplicity). This mirror mapping does

not work for the triangular or square waves defined above. How-

ever, if the waveform is reparameterized with a 𝜆/4 phase offset, the
mirror mapping also becomes valid, while translation remains valid.

Overall, the construction of valid antithetic pairs depends on both

the waveform and the definition of the period, while translating and

mirroring serve as the two fundamental construction strategies.

Naïve Translate Mirror GT

8.15 0.45 0.43 MSE11.36

6.45 0.32 0.33 MSE9.18

7.82 3.34 MSE0.56

Triangular

Square

Sawtooth

translate 

mirror

𝜆/2−𝜆/2

0

(by 𝜆/2) 

(at 0) 

translate 
(by 𝜆/2) 

Fig. 6. Comparison of antithetic mappings for triangular, square, and saw-

tooth patterns. Translation pairs (𝜉, 𝜉+𝜆/2) , while mirroring pairs (𝜉, 𝜆−𝜉 )
modulo 𝜆. Translation is valid for triangular and square waves, whereas

mirroring is required for the sawtooth and also becomes valid for the others

after a 𝜆/4 phase shift.

MIS Comparison. Wealso compare differentMIS strategies in Tab. 2.

Without MIS, the rendered results exhibit higher noise and often

suffer from fireflies. In contrast, our proposed MIS formulation

achieves better overall performance. We additionally implement

a non-bijective MIS variant that explicitly recomputes the inverse

mapping instead of leveraging bijectivity. This additional computa-

tion reduces the achievable SPP by approximately 10−20%, resulting
in higher MSE and demonstrating the effectiveness of our bijective

MIS formulation as discussed in Sec. 3.2.
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Table 2. Equal-time comparison of MIS strategies for CW-ToF with 𝜆 = 0.02.

Each entry reports rendering MSE followed by the SPP in parentheses.

Scene / MSE (SPP) w/o MIS w/o bijectivity full MIS

Cornell-Box 3.33 (169) 3.50 (144) 3.08 (165)

Staircase 3.37 (253) 3.64 (208) 3.26 (238)

Kitchen 7.69 (189) 5.98 (170) 5.31 (185)

Comparison with Ellipsoidal Connection. We also compare our

method against ellipsoidal connections [Pediredla et al. 2019], which

can similarly generate opposite-modulation antithetic samples by

setting the focal distance sum to ℓ ± 𝜆/2 (Fig. 7-(A)). However, this
approach searches over all scene triangles and is agnostic to path

correlation, making it ineffective for modulation cancellation. This

issue can be partially alleviated by restricting the search to the same

triangle (Fig. 7-(B)), but the results remain noisy, whereas our local

search method achieves the best performance.

MSE: 23.5

(A) Ellip. Conn. (B) Ellip. Conn. & Same Tri. (C) Local Search (Ours)

ℓ

ℓ + 0.5𝜆
∇ℓ

𝑓 ത𝐱 ≠ 𝑓 ത𝐱′ 𝑓 ത𝐱 ≠ 𝑓 ത𝐱′ 𝑓 ത𝐱 ≈ 𝑓 ത𝐱′
Very different!

MSE: 3.29 MSE: 0.28

Fig. 7. Comparison of antithetic path construction strategies on Staircase.

(A) Ellipsoidal connection satisfies the path-length constraint but lacks path

similarity. (B) Restricting it to the same triangle improves similarity. (C) Our

local search best preserves path similarity and achieves the lowest MSE.

4.2 Depth Reconstruction with Structured Light

Wedemonstrate structured-light geometry reconstruction, forwhich

rendering quality directly affects the accuracy of reconstruction

from synthetic measurements.

Coded Illumination. We first perform depth reconstruction us-

ing coded illumination. The overall scene configuration is shown

in Fig. 8-(A). A standard approach employs Gray code patterns to

uniquely encode projector coordinates. However, in the presence of

indirect illumination, the captured intensities no longer correspond

to purely direct illumination, leading to decoding errors, as high-

lighted by the red arrows in the reconstruction results. To mitigate

this issue, high-frequency coding strategies are used to suppress

low-frequency global illumination. In particular, here we simulate

the XOR-based codes of Gupta et al. [2011], examples of which

are shown in Fig. 8-(A). We render these XOR patterns using both

naive and antithetic sampling (following Sec. 3.4.1). We use 10-bit

codes (𝑁 = 1024), together with an all-white reference image for

normalization.

The first two rows of Fig. 8-(B) show rendering and reconstruc-

tion results using XOR-02. Naive sampling fails to produce clean

reconstructions due to high variance in the estimated indirect illumi-

nation, which prevents reliable cancellation across XOR patterns. In

contrast, our method significantly improves reconstruction quality

by reducing variance in the indirect component and enabling stable

modulation cancellation.

…

En
se

m
bl

e 
A

vg
.

GTNaïve Antithetic

In
di

re
ct

 il
lu

m
.

D
ep

th
 r

ec
on

.

D
ep

th
 r

ec
on

.
w

it
h 

G
ra

y 
co

de

(B)

Fails due to 
indirect illum

Gray

XOR-02

XOR-04

Sc
en

e 
C

on
fi

g.

(A)

Fig. 8. (A) Depth reconstruction using structured light. Conventional Gray-

code decoding often fails in the presence of indirect illumination. The high-

frequency-only XOR patterns proposed by Gupta et al. [2011] can be used

instead. (B) We render the XOR-02 measurements using naive and antithetic

sampling and then perform depth reconstruction. Following Gupta et al.

[2011], we also perform ensemble averaging over two XOR patterns to

improve the reconstruction.

However, XOR-02 alone is insufficient to fully resolve the am-

biguities. Even with GT rendering, artifacts remain due to code

ambiguity within a single pixel and imperfect cancellation of in-

direct components. To address this issue, we additionally perform

ensemble averaging with XOR-04 following Gupta et al. [2011].

The combination weights are determined from decoding confidence,

measured using bit ambiguity and projection validity. This combined

strategy further improves reconstruction quality. Nevertheless, no-

ticeable noise artifacts remain with naive sampling, whereas our

method produces clean and stable depth reconstructions.

Sinusoidal Illumination. We also demonstrate depth reconstruc-

tion using fringe projection profilometry (FPP) with sinusoidal pro-

jection patterns, which are widely used in applications such as auto-

matic optical inspection (AOI) [Abd Al Rahman and Mousavi 2020].

We employ phase-shifting profilometry (PSP) to estimate the phase

deformation induced by the object relative to a reference plane, fol-

lowed by spatial phase unwrapping to resolve phase ambiguity. The

reconstruction result for a circuit board mimicking an AOI scenario

is shown in Fig. 11, using a sinusoidal pattern with 𝜆 = 0.01. Similar

to coded illumination, we find that phase estimation is highly sen-

sitive to rendering noise, and the high level of MC noise produced

by naive sampling greatly degrades the reconstruction quality. In

contrast, our antithetic sampling greatly improves phase stability

and produces cleaner and more accurate object reconstructions.

We can also perform depth reconstruction for CW-ToF using

sinusoidal modulation; we defer these results to the supplementary

material.
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4.3 Illumination Decomposition with Structured Light

We perform direct–global illumination decomposition using high-

frequency checkerboard illumination following Nayar et al. [2006],

as shown in Fig. 12-(A). The scene contains three objects with dif-

ferent material properties: diffuse, translucent, and specular. We

use 25 shifted checkerboard patterns and perform decomposition

by analyzing the minimum and maximum responses, following the

original method. We visualize the error maps for each sampling

strategy in Fig. 12-(B) (note that the error maps are identical for

the direct and indirect components since they are complementary).

Again, antithetic sampling achieves lower error than naive sam-

pling, resulting in more accurate decomposition of direct and global

illumination components.

4.4 Demonstration with Arbitrary Aperiodic Codes

We perform antithetic sampling using arbitrary binary codes of

length 1024, generated by randomly shuffling equal numbers of 0s

and 1s. We generate 50 different patterns and render each using

naive sampling and antithetic sampling with both OT-based and

scale-based mappings, as described in Sec. 3.4.2. We also compute

the average EMD of each pattern and plot the MSE as a function of

EMD across different patterns in Fig. 13-(A).

We observe that both antithetic sampling methods outperform

naive sampling, which gives constant high MSE regardless of code.

For the OT-based method, the rendering quality is strongly corre-

lated with the EMD of the pattern, and we observe an approximately

proportional relationship between EMD and MSE. In contrast, the

performance of the scale-based method does not exhibit a clear

dependence on EMD. Empirically, when the EMD is below 20 (2%

of the total code length), the OT-based mapping performs better,

while for larger EMD values, the scale-based method becomes more

effective. The performance of the scale-based method is governed

more by the mapping Jacobian than by the EMD. We plot the av-

erage Jacobian magnitude (using its reciprocal when < 1) against

MSE for the scale-based method in the middle of Fig. 13-(A), and

observe that more uniform Jacobians lead to better performance.

We visualize the rendered results for two representative patterns

with different EMD values in Fig. 13-(B). For a small EMD, the OT-

based method yields better results, whereas for a large EMD, the

scale-based method performs better. We additionally show portions

of the patterns and their corresponding OT mappings. When the

EMD is small, the mapping remains close to a diagonal trend, indicat-

ing minimal displacement. In contrast, for large EMD, the mapping

deviates a lot from the diagonal, indicating large transport distances.

Overall, the OT- and scale-based strategies perform differently de-

pending on the code EMD and average Jacobian, but both still offer

an advantage over naive sampling.

Comparison with Stratified Sampling. Instead of using antithetic

pairs, stratified sampling can be considered as an alternative ap-

proach for canceling modulation for arbitrary codes (i.e., assign one

sample to each code element). Without path correlation, stratified

sampling fails to achieve effective cancellation due to path mismatch.

This can be improved by enforcing path matching (e.g., using the

same 𝜉2 coordinate), but doing so drastically reduces path diversity.

We compare these methods in Fig. 9. Overall, our antithetic sampling

Stratified w/o Corr. Stratified w/ Corr. Antithetic Pair

Projector samples
𝜉2

𝜉1

GT

Fig. 9. Comparison with stratified sampling for arbitrary structured-light

codes. Uncorrelated samples lack geometric similarity, while sharing 𝜉2

reduces path diversity. Our antithetic mapping enables effective cancellation

while preserving path diversity.

approach achieves the best performance by enabling modulation

cancellation while preserving path diversity.

5 Conclusion

In this paper, we propose an efficient antithetic sampling strategy

that geometrically deforms the original path to construct an anti-

thetic path with opposite modulation while preserving path similar-

ity. We demonstrate the effectiveness of the proposed method for

both CW-ToF and structured light systems, in which antithetic sam-

pling efficiently cancels highly oscillatory modulation components

in global illumination. Our renderer enables efficient simulation

of global illumination under complex high-frequency modulation,

which is critical for accurate depth and geometry reconstruction in

many computational imaging systems.

Future Work. First, we determine path similarity based on the

parameter-space distance (|𝜉 ′ − 𝜉 |) and optimize this by searching

along the gradient direction in 𝜉-space. However, this does not

always guarantee true path similarity. A more robust approach

could incorporate auxiliary buffers, such as depth, normal, and

albedo, rendered from the point-light or projector viewpoint, to

better identify similar paths on the antithetic manifold.

We considered coded illumination only for structured light, but

coding can also be applied to CW-ToF [Gupta et al. 2018; Kadambi

et al. 2013], providing another direction for future work.

For arbitrary aperiodic codes, we explored both OT-based and

scale-based mappings, each of which has its own advantages and

limitations. It would be interesting to develop a unified strategy

that performs well for both small- and large-EMD patterns. Further-

more, although we focused only on binary codes, similar ideas could

potentially be extended to general continuous signals, for exam-

ple, through optimal transport between their positive and negative

components.

Finally, extending our framework to dynamic scenes would enable

efficient simulation of motion-dependent effects, including motion

blur in CW-ToF measurements.
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Fig. 10. Equal-time comparison of modulated indirect illumination rendered using naive and antithetic sampling across multiple scenes and wavelengths.

Per-image MSE values are reported above each result. Antithetic sampling substantially reduces noise at short wavelengths, while its advantage decreases at

longer wavelengths as the required geometric deformation increases. Complete MSE curves are shown in Fig. 4.
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Fig. 11. Fringe projection profilometry for automated optical inspection. (A) Rendered RGB image of a circuit board. (B–C) Depth reconstructions obtained

using naive and antithetic sampling. (D) Ground-truth depth. Depth is recovered from four phase-shifted sinusoidal patterns through phase decoding, spatial

unwrapping, and projector–camera triangulation. All depth images use the same colormap and range. Antithetic sampling reduces indirect-illumination noise,

improving phase stability and reconstruction accuracy. Residual deviations from ground truth arise from global illumination and texture-edge artifacts, which

also occur in real-world measurements [Deng et al. 2020; Hu et al. 2023; Shi et al. 2024].
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Fig. 12. (A) Direct–global illumination decomposition using high-frequency checkerboard patterns [Nayar et al. 2006] for diffuse, translucent, and specular

objects. The reconstructed direct and indirect illumination components are compared with the ground truth. (B) Error maps for naive and antithetic sampling.

By reducing noise in the rendered checkerboard measurements, antithetic sampling produces more accurate decompositions across different material types.
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Fig. 13. Comparison of antithetic mappings for 50 arbitrary binary patterns of length 1024. (A) Rendering MSE versus Earth Mover’s Distance (EMD) for naive

sampling and antithetic sampling with scale-based and optimal-transport (OT) mappings. OT performs best for low-EMD patterns, while scale-based mapping

becomes preferable for patterns with higher EMD; its performance depends instead on the mapping Jacobian. (B) Rendered results and corresponding OT

mappings for representative low- and high-EMD patterns, illustrating how larger transport distances reduce path similarity and increase rendering error.
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