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x0 x1 xk�1 xk

x2 x3 x4 x5

x0 x1 xk�1 xk

x2 x3 x4 x5

Joint path sampling: 

1) Prescribe joint pdf 
2) Derive conditional pdfs via 
     successive joint pdf marginalization 
3) Conditionals are obtained in 
     reverse order

TRADITIONAL: prescribes conditional pdfs, no explicit control over joint pdf

JOINT SAMPLING: prescribe joint pdf, conditional pdfs derived from it
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singularity at
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joint pdf via tabulation



EquiangularTransmittance Joint sampling

path lengths 1-3
isotropic phase function



EquiangularTransmittance Joint sampling

path lengths 1-8
isotropic phase function



Joint tabulated path samplingTransmittance connections

path lengths 1-3
anisotropic phase function



Joint tabulated path samplingTransmittance connections

path lengths 1-8
anisotropic phase function



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 42— PATH CONSTRUCTION



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 42— PATH CONSTRUCTION

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 42— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 42— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 43— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (6, 0)

# vertices 
from light

Sampling technique

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 44— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (5, 1)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 45— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (4, 2)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 46— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (3, 3)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 47— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (2, 4)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 48— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (1, 5)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH SAMPLING

 49— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (0, 6)

Sampling technique

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

SINGULARITY

 50— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

(s, t) = (3, 3)

Sampling technique

# vertices 
from light

# vertices 
from eye

G(x2,x3) =
1

kx2 � x3k
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MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

SINGULARITY

 51— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

Sampling technique

# vertices 
from light

# vertices 
from eye

x2 x3 x4 x5

x2 x3 x4 x5

G(x1,x2) =
1

kx1 � x2k
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(s, t) = (4, 2)



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 52— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 52— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 53— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 53— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 54— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 54— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 55— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

BIDIRECTIONAL PATH TRACING

 56— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk

x2 x3 x4 x5x2 x3 x4 x5

hIji =
X

s

X

t

ws,t(xi,j)
fj(xi,j)

ps,t(xi,j)
<latexit sha1_base64="BsnM1fyPfCOnhgzG1z/W5CdU+PQ="></latexit><latexit sha1_base64="BsnM1fyPfCOnhgzG1z/W5CdU+PQ="></latexit><latexit sha1_base64="BsnM1fyPfCOnhgzG1z/W5CdU+PQ="></latexit><latexit sha1_base64="BsnM1fyPfCOnhgzG1z/W5CdU+PQ="></latexit>

Combined MIS pixel estimator:

# vertices 
from light

# vertices 
from eye



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

METROPOLIS LIGHT TRANSPORT

 57— PATH CONSTRUCTION

x2 x3 x4 x5x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5

x0 x1 xk�1 xk

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

METROPOLIS LIGHT TRANSPORT

 58— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5x0 x1 xk�1 xk

x2 x3 x4 x5

x0 x1 xk�1 xk



MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

METROPOLIS LIGHT TRANSPORT

 59— PATH CONSTRUCTION

x2 x3 x4 x5

x2 x3 x4 x5

x2 x3 x4 x5x0 x1 xk�1 xk

x2 x3 x4 x5

x0 x1 xk�1 xk
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MONTE CARLO METHODS FOR PHYSICALLY BASED VOLUME RENDERING

SUMMARY

 60— DISTANCE SAMPLING

UNIDIRECTIONAL SAMPLING

‣ Almost ideal on paper, rarely useful in practice

NEXT EVENT ESTIMATION

‣ Improvement, but singularity in indirect lighting (reduced convergence rate)

JOINT PATH SAMPLING

‣ Substantial improvement in the presence of singularities

BIDIRECTIONAL PATH TRACING

‣ Avoids singularities, more robust thanks to mixing many sampling techniques

‣ Difficult to implement

METROPOLIS SAMPLING

‣ Apply on top, great for very difficult illumination

‣ (Difficult to implement)2


