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I Grid-based solvers require meshing

iNng

FEM solv

FEM Pipeline

|* Harmonic Caching for Walk on Spheres

v



Meshing can be challenging

Input boundary mesh Tetrahedral mesh boundary

****ﬁ 4.19 from 22 votes

Grilled Turkey Legs
(Caveman Pops)

Grilled Turkey Legs are a fun take on
Thanksgiving dinner! These Caveman Pops are
moist and flavorful with a simple brine and so
easy to cook on the grill!

Brining: 4 hrsi Total Time: 1 hr 10 mins
& Author: Lalaine Manalc
9 Course: Appetizer, Main Entree

https://www.onionringsandthings.com/grilled-turkey-

[Fast Tetrahedral Meshing in the Wild]
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} Path tracing and grid free PDE solvers

Path tracing Walk on Spheres
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Background




f Dirichlet problem
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f Dirichlet problem

Au=0 onf?
u=g¢g onofl

Mean Value Property
1

) =10B@)] s

u(z)dz

Walk on Spheres [Muller 1956]

()
a(ﬂfk) - {g(.’l?k), Tl © 8 €9

u(xpy1), otherwise. r
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f Dirichlet problem

Au=0 onf{)
u=g¢g onof)

Mean Value Property
1

") = 10B@)] Jope

u(z)dz

Walk on Spheres [Muller 1956]

()
e = {g(azk), T € 08,

u(xpy1), otherwise.
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I Dirichlet problem
u=0 onf
u=g¢g onof)
Mean Value Property

B |8B | OB (x)
Walk on Spheres [Muller 1956]

Lk ), Tk € 8067

Tri1), oOtherwise.

AN
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¥ Run more walks to reduce variance

Maybe do more walks?

+HEH

5 Walk/Eval Pt
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I WoS produces noisy estimations

1 Walk/Eval Pt 512 Walk/Eval Pt 1024 Walk/Eval Pt
2s 180s 360s
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Method




I Harmonic series expansion [Booth 1981, 1982]
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I Harmonic series expansion [Booth 1981, 1982]
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I Harmonic series expansion [Booth 1981, 1982]

u(r, 0) | u(R, ©)

07 Mean Value Property
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I Harmonic series expansion [Booth 1981, 1982]

u(R,0©)cos© u(R, ®) cos 20

A

N
X 1
a =~ ;u(R, ©,) coslO;

N
A 1 .
bl — N i_E 1 U(R, @z) S111 l@z
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D Noise free reconstruction after WoS

* WoS returns single estimation:

N -
B A
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D Noise free reconstruction after WoS

* WoS returns single estimation:

N -
B A
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D Noise free reconstruction after WoS

o Ot order coefficient from
N walks:

N
ao = N ;@(Ra O;)
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D Noise free reconstruction after WoS

e Qth st 2nd  order coefficients
from the same N walks:

N
ao = N ;@(Ra O;)

N
1 .
aL = o ;:1 u(R,0;)cos (LO;)

N
N 1 N .
bL — N ._E 1 U(R, @z) S111 (L@z)
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D Noise free reconstruction after WoS

e Reconstruct solutions within
the entire disk by:

u(r,0) ~ ag + 2 %) (a; coslf + b; sin 16) p

[=1

* |ntheory, we need infinite
number of terms...

* |n practice, L = 10 is enough .
even in the worst scenario.
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I How to choose [ ?

l 1.0
'-0.02

Ground Truth in the Disk

V/ g |_'I Harmonic Caching for Walk on Spheres

1.2

1.0

0.3

0.6

0.4

0.2

0.0

—0.2

Ground Truth

A IAAA\ A - L: ]'OOOOO
\// VY NV \U

A PA

27T

28



I How to choose L ?

Ground Truth in the Disk
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1.2

1.0

0.8

0.6

0.4

0.2

0.0

—0.2

u(r = RIAR), 0)

= (Ground Truth
— [, =10
37 /2 27T
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I Let’'s choose L = 10 even in the worst scenario

12 4 Accumulated Error
0.10 -
0.08 -
0.06 -

0.04 -

0.02 -

Reconstruction in the Disk 0.00 -

0 0.1 0.2 03 04 05 0.6 0.7 0.8 09 1.0
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D Noise free reconstruction after WoS

 Reconstruct solutions within
the @88k ikle: maximum disk:

0
z ~
u(r,0) ~ ag + 2 E (%) (a; cos 1 + b; sin [6)
I=1

* How about non-spherical
regions of interest?

v Cover by more disks!
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Harmonic Caching




I Cache records population

Lazy evaluation style population [Ward et al. 1988]

s | ‘ é(? '{' ‘?:{; :'
A S -
\ o8 . | ‘: - .
Cachie | \ ' x|

£ | - | | E “‘.‘:" = : | i :
Recgr ) | y ! ' ' B o *11s o ..'.:-..'.

.....
—

[Practical Global [llumination with Irradiance

Irracgiance Caching | Cache Records Visualization
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I Cache records population
L azy evaluation style population [Ward 2008]

Cache Population Pass

Cache
Record
\ Walk

(0

v

Reconstruction Pass

Center

v

Cache (by Octree)
V Coeffs
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I Reconstruction by series expansion

(Weighted) sum of series expansions from cache balls

Cache .
Record Cache Population Pass
Cache
Lookup
Reconstruction Pass
Center °
Cce (by Octree)
V Coeffs
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I Reconstruction by series expansion

(Weighted) sum of series expansions from cache balls

Cache

Record Cache Population Pass
Cache |
Lookup

(0

v

Reconstruction Pass

Center

v

C (by Octree)
V Coeffs
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d Coefficients estimation can be noisy

Cache
Record Cache Population Pass
\ Walk

(0

v

Center

v

f&(R, ©, ) cos (10;)
Noisy!
u( R, 0;)|sin (10;)

Cache (by Octree)
V Coeffs
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§ Additional refinement pass

Reconstruct by series expansion!| | Cache Population Pass

Record \,@yg“:‘}“.‘
,\ﬁ“\”A "\ ) .
Refinement Pass
g

\ 7

TS
che '\%'{ }‘f»

\ Li/?)iﬂtjp \g}\.' -

‘ ,
Vo @~

v

Center

v

Cache (by Octree) o/
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Without refinement W.ith refinement

3 P 3

(+10% More time) 40



Without refinement W.ith refinement

(+10% More time) 41



I Generalizations

vV 2D, 3D
vV Source term (Poisson equation)

V' Screening term (screened Poisson eq)

V Reflecting and mixed BCs by WoSt [Miller et al. 2024]
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Evaluation




Ours Error 0.86318

: WoS/Ours (Equal Time)

I 2D comparisons

44
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} 3D comparisons to related work

Setup

Reference '
' , Dirichlet BC

Evaluation
Region of Intefe

.
(ROI)
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¥ Reverse WoS [Qi et al. 2022]

7]
: | -
av; -t A T
3 X0
2 SCNSOr Segments, O SOUrce Segments 1 SCNSOTr Segment, 1 SOUrce Segment

[Qi et al. 2022]

path tracing

2 camera segments, 0 light segments 1 camera segment, 1 light segment
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I Reverse WoS vs Ours

ROI

Output sensitive vV Output sensitive
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I Boundary Value Caching [Miller et al. 2022]

Reference
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I Boundary Value Caching [Miller et al. 2022]

Reference
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I Boundary Value Caching [Miller et al. 2022]

Reference
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I Boundary Value Caching [Miller et al. 2022]

BVC
&

G(x,y)

[Miller et al. 2022]

Singularity!
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I Harmonic Caching (Ours)

We use smooth basis functions:

V' Singularity free
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HC(Ours)




I Mean Value Caching [Bakbouk et al. 2023]

*MVC Cache Rec
*Eval Pt

MVC expands the largest ball around the

evaluation point: fewer records available.
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Ours gathers

more are aval

records from overlapping balls:

able even near the boundary!

55



HC(Ours)




Radiation (Ray tracing)
Heat Source 7 J







Reference

Robin BC




Conclusion




I Conclusion

A novel caching algorithm for WoS:
v Leverages harmonic structures in PDE solutions

v Reduces variance by orders of magnitude

v Easy to implement

v Supports various boundary conditions, sources and

screening terms
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Guiding-Based Importance Sampling for Walk on Stars

TIANYU HUANG, School of Software and BNRist, Tsinghua University, China

Other estimators for coefficients estimation?
JINGWANG LING, School of Software and BNRist, Tsinghua University, China

SHUANG ZHAO, University of California Irvine, United States of America
FENG XU", School of Software and BNRist, Tsinghua University, China

- I

Importance S ;
_> 2 T
sampling = BEHIEHRPREEESE =R

Still more work to do for reducing artifacts!

Reference HC(Ours) )
1 ' 'ﬁ_‘ : il wglicg;ﬂs\t/grs Ozleis:e;:ef?erlnded digtlrjiigtz':i%n Variance reduction
| “» b "
A > &7 » [Huang et al. 2025]

Solution Plane

A Neumann . [
- A Dirichlet 3192.49 [ Me

0.00905 4
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